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The theory of solution for quantum field functional equations as developped in II and III 
for a suitable test problem of quantum mechanics is investigated in low approximations. In 
Sect. 1 the functional formulation of the anharmonic oscillator is once more given and in Sect. 2 
general translational equivalent functional equations. The expansion of the physical state func-
tional into series of unsymmetrical and symmetrical base functionals and the representation of 
the functional equations for such expansions are discussed in Sect. 3. In the next Sect. 4 the 
unsymmetrical DYSON representation is investigated and the explicit representation of the 
smeared out functional equation by an infinite system of equations is derived. Then in Sect. 5 
and 6 the system of equations is truncated for N — 3 and the corresponding eigenvalue equation 
is considered. The same is done in Sect. 7 and 8 for the HERWITTE representation. In the follow-
ing Sect. 9 the original functional equation in a not smeared out form is treated in the DYSON 
representation and the corresponding system of unsymmetrized equations is given. Furthermore 
in Sect. 10 the N = 3 approximation together with other possibilities is investigated again. 
Finally the numerical results of our calculations for eigenvalues are stated and discussed. In the 
appendices technical details are derived. 

Introduction 

In nonlinear spinor theory the dynamical be-
haviour of elementary particles can be described by 
functionals of field operators in a HEISENBERG-
representation and corresponding functional equa-
t ions 1 - 3 . In configuration space the functional 
equations lead to infinite sets of differential or 
integral equations between the different matrix 
elements of field operators4 . This description is of 
special interest, because it is formally valid for 
canonical as well as noncanonical quantization, 
where the usual SCHRÖDINGER theory is inappli-
cable2 . However, up to now no systematic method 
of solutions has been given for these fieldtheoretic 
functional equations in the case of strong coupling. 

For this the so-called NCW-TAMM-DANCOFF-
method (N.T.D.-method) proposed by HEISENBERG5 

and first introduced by DYSON6 can be generalized 
to an approximation scheme for the solution of the 
functional equations. In order to test this proposal 

* This work is part of the thesis of the author at the 
University of Tübingen, 1968. 

1 W. HEISENBERG, An Introduction to the Unified The-
ory of Elementary Particles, Wiley and Sons, London 
1967 . 

2 H . RAMPACHER, H . STUMPF, a n d F . WAGNER, F o r t s c h r . 
Phys. 13, 385 [1965]. 

3 H . P . D Ü R R a n d F . WAGNER, NUOVO C i m . 46, 2 2 3 [ 1 9 6 6 ] . 
4 E . FREESE, Z . N a t u r f o r s c h g . 8 a , 7 7 6 [ 1 9 5 3 ] , 
5 W . HEISENBERG, Z . N a t u r f o r s c h g . 9 a, 2 9 2 [ 1 9 5 4 ] . 

the anharmonic oscillator is offered as the simplest 
example, the functional equations of which are 
analogous to those of nonlinear spinor theory, as is 
shown in 2 and 3. This model has already been 
investigated in some papers. At first HEISENBERG 
calculated the lowest approximations of the one-
time N.T.D. -method in the ^-^-representation7. The 
numerical results were rather good in contrast to 
those of SCHWARTZ'S8, who did not properly take 
into account the commutation relations and /-sum 
rules as KAISER9 had shown. Later STUMPF, WAG-
NER and WAHL1 0 and WAGNER11 proved the con-
vergence of the one-time N.T.D.-method in the 
q-representation. They also got fairly good results. 

However, the full functional analogy of the test 
system to nonlinear spinor theory requires the in-
vestigation of many-time functional equations. First 
results about the solution procedure for the one-time 
limiting case of the many-time functional-equations 
have been given in 12. The systematic treatment of 
many-time functionals has been undertaken by 

6 F . J . DYSON, P h y s . R e v . 90, 9 9 4 [ 1 9 5 3 ] ; 91 , 4 2 1 [ 1 9 5 3 ] ; 
91, 1543 [ 1 9 5 3 ] . 

7 W. HEISENBERG, Nachr. Gött. Akad. Wiss. I l l [1953]. 
8 CH. SCHWARTZ, A n n . P h y s i c s 3 2 , 2 7 7 [ 1 9 6 5 ] . 
9 H . J . K A I S E R , A n n . P h y s . 6 , 131 [ I 9 6 0 ] . 

1 0 H . STUMPF, F . WAGNER, a n d F . W A H L , Z . N a t u r f o r s c h g . 
19 a. 1 2 5 4 [ 1 9 6 4 ] . 

11 F. WAGNER, Thesis, University of Munich 1966. 
1 2 D . MAISON a n d H . STUMPF, Z . N a t u r f o r s c h g . 2 1 a , 1 8 2 9 

[1966], named I. 
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SCHULER and STUMPF in 13 and 14. The general idea 
for the solution of the functional equations in 13 

and 14 is the use of an expansion of the physical 
functionals into series of suitably chosen base func-
tionals and to approximate the exact infinite series 
by series with a finite number of terms. As has been 
shown in 12, the approximation procedure can be 
performed either in a symmetrical or in an unsym-
metrical functional operator representation. The 
unsymmetrical representation leads with the N.T .D. 
solution procedure to the wellknown field theoretic 
formulation and has been discussed in 13 while the 
symmetrical one has been investigated in 14. This 
last representation seems to be more advantageous 
because symmetry properties of the functional 
operator such as formal hermiticty and selfadjoint-
ness are visibly preserved. Moreover, only in this 
case the convergence of the eigenvalues in the one-
time limit could be proved 12 and also the proof of 
convergence given in 1 1 takes actually place in this 
representation. Naturally, in both representations 
we have the choice between the q or p-q-form of the 
matrixelements. Thus, because of simplicity, we 
have investigated in 13 the q version in the unsym-
metrical functional representation, while in 1 4 the 
q-p version of the symmetrical representation has 
been discussed in order to have more analogy to 
nonlinear spinor theory. — Only the lowest 
numerical approximations have been given there. 

I t is the aim of this paper to compare numerically 
both possible functional representations in the 
q-version for the lowest states of odd parity o f the 
anharmonic oscillator. Both the systematic ap-
proximation and other possibilities for approxima-
tion of the occuring equations in the lowest N.T .D. -
step will be investigated. 

I. Functional Representation 

1. The Functional Equation 

The equations of motion for the anharmonic 
oscillator are 

%q{t) = p(t), ^p{t) = -qHt) (1.1) 

1 3 W . SCHÜLER a n d H . STUMPF, Z . N a t u r f o r s c h g . 2 2 a, 
1842 [1967], named II. 

1 4 W . SCHÜLER a n d H . STUMPF, Z . N a t u r f o r s c h g . 23 a , 9 0 2 
[1968], named III. 

15 D. MAISON, Thesis, University of Munich 1967. 
16 K . SYMMANZIK, Z. Naturforschg. 9a, 809 [1954], Ap-

pendix. 
1 7 Y . V . NOVOZHILOV a n d A . V . TULUB, T h e M e t h o d o f 

Functionals in the Quantum Theory of Fields, Gordon 
and Breach, New York 1961. 

with the canonical commutation relation 

[p (t),q ( < ) ] - = - i l . (1.2) 

The dynamical behaviour of the system (1.1) and 
(1.2) can be described by the set of time-ordered 
matrix elements2 . 

rl{h...tn) = :<S)\Tq(tl)...q{tn)\Wey (1.3) 

where T means time ordering and | Wq) is a station-
ary state of the anharmonic oscillator i.e. an 
eigenstate of the time translation operator H. |0) is 
the physical groundstate normed to unity. For 
their calculation an auxiliary space, the so-called 
functional space, is introduced, where the set of 
r-functions is represented by a functional in the 
following form 

8 (1.4) oo 

(i) = : 2 J T* Ci • • • «*) F>< ih-.-tk', j) dh... dtk . 
ifc=i 

The base functionals in the expansion (1.4) are 
defined by 

Fk(t1...tk;j) = :j[j(h)...j(tk) (1.5) 

with classical source functions j(t). Observing (1.4) 
and (1.5) and the definition (1.3) the functional (1.4) 
may also be written 

(j) = <01 T e x p [i J q (t) j(t)dt]\We). (1.6) 

For functionals one is able to define under certain 
conditions a functional differentiation and a func-
tional integration1 5"1 8 . Especially by functional 
differentiation one gets the rw-functions (1.3) back 
from (1.6) 

1 Sn 

rQn ih... tn) = öj{h) _ öj(tn) ^g(j) j,-=0 (1.7) 

Then, one can derive with (1.7) f rom the dynamical 
eqs. (1.1) and with (1.4) a functional equation 
characterizing For details of its derivation 
we refer to I I . One obtains 

1 8 a ) I . FRIEDRICHS a n d A . SHAPIRO, S e m i n a r o n I n t e g r a -
tion of Functionals, Inst, of Math. Science, University, 
New York 1957. — b) E. A. BEREZIN, The Method of 
Second Quantization, Academic Press, New York 1966. 
— c) L. GROSS, in Analysis in Function Spaces, Ed. 
W . T . MARTIN a n d I . SEGAL, M I T - P r e s s , C a m b r i d g e , 
Mass. 1963. 
— d ) L . STREIT, in Q u a n t u m e l e c t r o d y n a m i c s , E d . 
P. URBAN, Acta Physica Austriaca, Suppl. II, Wien 
1965. 
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with + (1.9) 

Additionally stationary functionals have to satisfy 
the subsidiary condition (1 10) 

v-,rQ{j) = : Jj(t) ~ 6*{t) dt.re(j) = -icoe.re(j) 

with ojg = : (Eg — EQ) and Ee being the energy 
eigenvalue to the state |?fß>. 

2. Translational Equivalent Equations 

It is convenient to introduce normal ordering of 
the interaction term by adding on both sides of (1.8) 
a contraction term 2 , resulting in ^ j ) 

d2 

dt2 

with 

, + 3 F ( 0 ) K 

(2.2) 

*(?'«>• w } ) = - - v [ > u - M ) ) + 3 F { 0 ) x m 

where F (0) is the vacuum expectation value of q2 (0). 
Defining the Feynman-Green function for (2.1) by 

~z+3F(0)x G(t-t') = d{t-t') (2.3) 

we get by application of G on (2.1) the functional 
equation 

ö m ) ^ ( j ) (2.4) 

6 -jG(t-t')N(j(t'), -Ar]dt' 

The parameter x is different for various represen-
tations and will be fixed in chapter III . 

However, equation (2.4) is not yet satisfactory, 
since the physical solutions of (2.4) do not depend 
explicitly on the parameter t i .e. for any arbitrary 
value of the parameter t we obtain the same 
solutions 14. Therefore, we are allowed to use instead 
of (2.4) a suitably chosen linear combination over t 
for the calculation of ^~g(j) i.e. a smeared out 
equation. As discussed in I I I the variety of possible 
combinations is restricted by general requirements. 
1. The linear combination has to maintain the sym-

metry of the resulting equations in all arguments. 
2. The linear combined equation has to commute 

with P. 
3. The linear combination is to be integrable. 
4. The linear combination has to maintain formal 

Hermiticity of the operator 0 . 
The condition 4. is of great importance because the 
property of formal Hermiticity of the functional 
equation (1.8) will probably enable us to prove 

convergence. In the ^-representation it is impossible 
to fulfil condition 4 without neglecting condition 1 
or 2. Therefore we ignore it here. The most general 
smearing out operator satisfying condition 2 reads 

S = :f[j(t')si(t' - 0 + d j [ n Mt' - f)]dfdf'. (2.5) 

Applying S to (2.4) we get the equation 
<5 

f^j(t')Sl(t'-t) (t'-t) (2.6) 

XO(;(<), dj6(n)dtdt'^g(j) = 0. 

To satisfy the conditions 1 and 3 the not yet deter-
mined functions «i (t) and s2 (t) have to be specified 
which will be done in the next chapters. Thus we 
shall use the linear combined equation (2.6) instead 
of equation (2.4). 

3. Functional Representations 

For the practical construction of state functionals 
we have to expand them into series of suitably 
chosen base functionals and to truncate these series. 
For this purpose we use the socalled Dyson-base 
functionals 
Dn(h...tn) (3.1) 

= : Fn(h...tn) e x p [ — \ jj(£)F{£ — rj)j(r]) d£ d^] 

with the two-point function 

F(h - f2 ) = : <0 I Tq(h) q(t2) \ 0> . (3.2) 

These functionals have first been introduced by 
DYSON6 and been extensively used in I, I I and III . 
W e then assume to have the expansion 

(3.3) 
3~e(i) = 2 JV»('i ••• tn)E>n(h ••• tn-,j)dh ... dtn . 

n= 1 

In order to calculate the expansion coefficients <pn 

we must use the corresponding matrix represen-
tations of the functional equations. Then we can 
distinguish between two possible matrix represen-
tations. After substitution of the state functional 
expansion (3.3) in the functional equations we 
project 

1. in the unsymmetrical representation the equa-
tion on the functionals Dk(t\.. .tjc] j) being dual to 
base functionals Dn [t\...tn\ j). These are defined by 
the condition 

jDk(t'1...t'k;j)Dn(t1...tn;j)dj (3.4) 

= I f l M h . - U ) . 
Ai...A„ = l i= 1 

The other possibility is 



2. the symmetrical representation, where the func-
tional equations are projected on to the original base 
functionals instead of the dual set. As the Dyson 
functionals are not orthogonal to each other, it is 
more advantageous to use in the symmetrical 
representation the so-called Hermite functionals 
Jn (h---tn- j) defined in III . They are orthogonal to 
each other i.e. 

\Jm(t[... tm \j)Jn(h---tn, j) dj (3.5) 

i n n 

= Öm,n n,P I TT 

The expansion of in Hermite functionals then 
reads 

3re(j)=2Srln(h...tn) (3.6) 

xJn{ti...tn; j) d£i . . . d t7 
]/n\ ' 

In the symmetrical representation the expansions 
(3.3) and (3.6) are equivalent and connected with 
each other by a similarity transformation, stated 
in I I I . 

I t is very impotant, for the condition of station-
arity (1.10) to have the same structure in both re-
presentations, namely in configuration space 

N J 

2d 
-TT cpn{h •••tn) = COg cpn (t i ... tn) (3.7) 

%= 1 

and in Fourier space (a tilde denoting Fourier trans-
forms) 

2 V 
i=l 

i>n(qi---qn) = (Oß<Pn{qi---qn)' (3.8) 

These formulae are derived in I I and I I I for the 
unsymmetrical and the symmetrical representation. 
Using for (pn{qi •••qn) the ansatz 

<fn (qi • • • qn) = <5 ^ Z qi ~ 0)6j ^n (qi • • • qn) ' 

with an arbitrary function {qi ... qn) still to 
be determined the subsidiary condition (3.8) is auto-
matically fulfilled and thus the centre of gravity is 
separated. For n = 1 the ansatz (3.9) is always satis-
fied, since we have 

n(t) = r i (0 = <0|gf(i)|¥V> = co eiWet (3.10) 

and in Fourier space 

<Pi(V) = co • d(p - 0)g) . (3.11) 

The same applies to the ^-functions. 
In the following chapters we shall investigate the 

unsymmetrical Dyson-representation and the sym-
metrical Hermite-representation, which have al-
ready been discussed in general in I I for the q-ver-
sion and in I I I for the p — q-version. 

II. The Dyson Representation 

4. The <p-equations 

In order to get the unsymmetrical Dyson matrix 
representation we formally introduce the set Dk(j) 
dual to the base functionals Dn(j) by 

DHh...t1c-j)=-.FHh...t1c-,j) 
x e x p [ b S j ^ F i S - ^ j i ^ d r j ] . (4.1) 

They fulfil formally the relation (3.4) and we then 
have 

J D* (h . . . tk; j) 3Te (j) dj = <pk(h... tk). (4.2) 

The Fk {ti ...tk; j) are dual to the Fn {h ... tn; j) 
defined by (1.5) and satisfy a relation of ortho-
gonality analogous to (3.4). The functional integra-
tion — marked by the symbol dj — is meant here 
only formally and is defined by 

\FHh...tk,j)Fn{t1...t'n-,j)dj (4.3) 
1 6k 

= 1 T«~ öj(h)... öj(tk) Fn(h...tn-,j)\j=0. 

It is easily to be seen that the definition (4.3) only 
results in comparison of the same j(t) power's co-
efficients. In the Dyson representation we have to 
choose the smearing out operator S for the sym-
metrized functional equation (2.6) to be 

S = : J ? ' ( 0 <5 ( ' ' - O d * d*'. (4.4) 

This choice fulfils the conditions 1 and 3 of Chap-
ter 1.2, namely the symmetry of the variables and 
the integrability, as is shown in II . Then Eq. (2.6) 
reads, already transformed into Fourier space 
(Fourier transforms are marked by a tilde). 

mqPmiqi . . . q m ) = (4.5) 

- 2 ^(fti) J i>m+2 -v\v • • qO 
dr] 
2 71 

+ 2 K tpm (fti + qa2 I q>.3 • • • qxj 

+ rm{qi...qm) (m = 1 . . . oo) 



with 

rm{qi...qm) 
m 

= ' 2 k 2 71 6 + &«) ( ^ 3 • • -9AJ 
(AI, A2) = L 

(4.6) 

+ 3 2 ^ (qh 9A2 9A3) epm-2 (9A4 • • • q>.m \ 9Ax + 9A2 + 9A3) 
(A,, ASS, A3) = L 

m 
+ 2 (9Ai 9A2 9A3 9A4) 2 TT (5 + 9A2 + 9A3 + 9A4) 

(AI, A2> A3, A 4 ) = I 

and the definitions 
h(q)=:-2[F(q) + iG(q)] 

K (qi , q 2 ) = : - sym G(qx)F (q2) (4.7) 
Qi.Qt 

hi {qi q2 qs)=: — sym G(qi)F {q2) F (q3) 

k2(ql 92 93 94) = : — s y m <5 (91) ^ (92) F{q3)F (q4) 

where " s y m " means symmetrization in all indices 
and (Ai . . . A*;) means the sum over all possible com-
binations of k elements ou tof m elements indepently 
of their sequence. The functions F(q) and G(q) are 
the Fourier transforms of F(t) and G(t) defined by 
(2.3) and (3.2). They are discussed in II and some 
features of their analytical structure in App. I . For 
the general solution of the system (4.5) we have to 
introduce according to II the "contracted" func-
tions 

<pkm{qi•• • qk\qk+i•• • qm-2k) =: Pk - Pi<pm{qi •••qm) 
l r ~ 

= : ( 2 n ) k } ^miqi — h, h - --qk — h, h', 

(4.8) qk+1 • • • qm-2k) d£i • • • d£;t [k — 0, 

with <pm == q)m . 

Since Eq. (4.5) already contains the function 
we have then to derive for the functions cpkm an 
extended system of equations by applying the oper-
ators Pic ... Pi (k = 0, . . . , [m/2]) to the original 
Eqs. (4.5). This new system reads in abbreviated 
notation 

' m = 1 , . . 

k = 0, 
(4.9) 

and can then calculate cp]"u for 

p=l,..., N, v — 0, ..., 

In this paper we shall investigate the case N — 3 
numerically, while in I I the solution procedure has 
been demonstrated at the cp2 — system explicitly 
without having treated the resulting eigenvalue 
equation numerically. 

5. The N = 3 Approximation 
a) S y s t e m a t i c s o l u t i o n 

In the case of N = 3 we have to put cpm — 0 for 
m ^ 5 , and the truncated Eqs. (4.5) read (identify-
ing <p3 with <p3)19 

cpz (qi q2 93) 
3 

= 2 K (FTI 9A2) <P* {qx 1 + 9A2 I qx,) + r3 (9l q2 q3) 
(AI, A2 )=L 

3 
= 2 K w to + 1 9 i ) + r3 (qi q2 93) 

with 

(5.1) 

(5.2) 

7-3(9192 ?3) 

= : 2 3 h(qi)2nd(qi + qk)q>i(qi) 
1=1 

(5.3) 

ki(qi q2 q3). 

The system (4.9) is then truncated in the sense of 
the N. T. D . -method 1 3 at m = N i. e. we put 

= 0 for fjL > N-v= 0, . . . , [A /2 ] (4.10) 

Applying the contraction procedure (4.8) to (5.2) 
we get for the contracted function q>3{q\\q2) the 
equation 

V3(qi\q2)[l-K(qi)] (5.4) 

= 2/K{q1 — CL, q2)cp3 (91 + 92 —a, a) ~ + f3 {qx \ q2). 

Thus we have to solve the system {cp\, cp3, < 3̂} for 
N = 3. The Eqs. (5.1), (5.2) and (5.4) represent in 
this case the symbolical Eqs. (4.9). As we are only 
interested in the calculation of eigenvalues we can 
omit Eq. (5.2) for ^3. W e now define 

y ( 9 ) = : [ l - £ ( ? ) ] - ! (s.20) (5.5) 

and get the following equations necessarily to be 
fulfilled 

£1(9) = -G(q)^3(V\q-rj)dr]l27i, (5.6) 
19 The contracted function ^3(^11 ̂ >2) corresponds in con-

figurational space to the 993-function with two time co-
ordinates put equal i.e. 993 (Ml £2) 

20 K(p) is defined analogous to | J02) namely 
df K(p) = J K(p-e, 
271 



n (91 | 92) = 7(91)1/3(91 \qz) (5.7) 
+ 2 1 K (a — 92,92) ^3(a, 91 + 92 — a ) d a / 2 ^ ] . 

Eq. (5.7) is an integral equation for 953 (<711 <72) which 
can be brought into the standard form of an inte-
gral equation for <ps{r]\q — rj) by the substitution 

9i=:»?; 9 2 = : q — rj\ 91 + 92 = 9, (5-8) 

<p*iy\q — y) = y('n) MvU — v) (5.9) 
da 
2.-7 

+ 2 J K { a —(q — rj),q — r])(p3(v.\q — a) 

The solution of (5.9) is 

^3(»?|g-»7) = y(i?)[f3 0 ? | g - » ? ) (5.10) 

/
doc 

— i 7 ; a ) f 3 ( a | g — o c ) - ^ -

with the resolvent R{q — rj; a) belonging to the 
kernel 

{q - n; a) = : 2 y (a) K (a - (9 - *?), 9 - »7) • (5-11) 

The integral Eq . (5.9) and the construction of the 
resolvent R will be discussed in App. I I for the 
approximated functions F and G o f App . I . Here 
the formal existence may be assumed. Inserting now 
(5.10) in (5.6) we have with the definition 

BHq;v)=:y(v)+fB(9-";v)yM t l <5-12) 
the equation 

~n(q) = -G(q)Jf3(rj\q-rj)RHq;rl) ^ . (5.13) 

Calculating r3 (<711 q%) f rom (5.3) and using the centre 
of gravity condition (3.11) we finally obtain after 
(^-integration the eigenvalue equation: 

3 -F (0) — co2 + y ARl(w, 0) ( 5 1 4 ) 

+/ [ 3- h (rj) + Ä! (co - rj I r?>] R^ (to', co if) | | = 0 

with the definition 

f h ( £ ) ^ = - 2 [ F ( 0 ) + iG(0)]. (5.15) 

b) L i n e a r c o m b i n a t i o n o f (pi a n d 953 

Observing the definition (4.7) of hi the original 
Eq. (5.2) may be written also 

3 

£3 (9192 93) = 2 { 9 k ) x (qt + 9*; qi) 

with the definition 

l(9i; 92) = : ^3(9i I 92) + F(q2)(pi(qi + 92) (5.17) 

reading in configurational space 

X(h-t2) = (pzihhh) + F(h - h)n(h) • (5.18) 

This combination has been used by DÜRR and WAG-
NER3 in nonlinear spinor theory and seems to be 
more advantageous than the original formulation. 
Thus we shall use a linear combination of 993 and 
<fi t by which the solution of the original problem 
will not be altered. 

From (5.16) we get in the same way as before the 
same integral Eq. (5.9) for x a s f ° r 9>3 with the 
modified inhomogeneous part 

^ (y\q — v) 
= \[A • 2 n d(rj) - 4iG{q - rj) - F(q 

(5.19) 

(9) • 

This means that the solution can be constructed by 
the same resolvent R as in (5.16): 

X{rj;q-r]) = y{ri) [f^ (rj | q - r?) (5 20) 

+ j R ( q - v ; a ^ a ^ - a ) — . 

Inserting (5.20) together with (5.17) in (5.6) we get 
analogously as before: 

(5.21) 
d^ 

co2 + y ^ J R 1 ( c o ; 0 ) 2 2 (̂0) 

- 3 f^iO(V) + F(V)]RHV;(o-V)-^ = 0 

c) I t e r a t e d e i g e n v a l u e e q u a t i o n 

As the integral equations for 953 resp. x cannot 
be solved exactly and approximations have to be 
made we shall use for our calculations an iterated 
one instead of the system (5.6) and (5.7). From the 
rearranged Eq. (5.16) we then obtain the very simple 
expression 

/ 

1=1 
\h{qi)2nb{qi + qk)<pi(qi)} (5.16) 

(5.22) 

/
da 

/ 

This inserted in (5.6) results in the new iterated 
equation (5.23) 

? i (9) [G-1 (9) + A] + 3 j K (a) £ (a; 9 - a) = 0 . 

Now, with the solution (5.20) of the integral eqau-
tion for % we get from (5.23) the eigenvalue equation 



for co which we shall investigate numerically 

3 2^(0) - co2 + A [I + i? 2 (co ;0) ] (5.24) 
d rj 

and from (5.5) we get 

- / [ F ( V ) 
0 + 4iG(V)] RH(o-,(o-rj)-2n 

with the definition 

R2(co,rj)=: y(rj)K(rj) (5.25) 

+ J y(£)K(£)R(to-£-,rl) dA_ 
2 JI • 

p2 — (a + ö>i )2 

' ' p2 — y2 -j- ie 

with y2 = : [ a + toi)2 + a + toi 
a • u>i 

Definition (5.15) now becomes 

A = (coi — a)l(a>i • a) 

(6.5) 

(6.6) 

This equation differs slightly from (5.21) although 
it already incorporates one additional iteration step. 

6. Approximated Solutions 

a) T h e s i n g u l a r f u n c t i o n s Fa.pv(p) and 6 ! a pp(p) 
For further investigations we use the approxi-

mated two-point function i^app(p) a n ( l Green's 
function 6rapp(p) defined in II App. V which read 

Faw(p) =if(p)=:i[p2-(ol + is]-1, (6.1) 

Ö.PP (P) = : - g ( p ) = : - [ p * - a * + ie]-i (6.2) 

with a 2 = 3/2 coi and where the small imaginary part 
indicates Feynman integration. In the approximate 
version (6.1) we have to consider co\ as a parameter 
which still has to be determined. There are two 
possibilities to fix the parameter coEither we take 
it from other, already known calculations, as 
a) the simplest approximation of the system for 

vacuum expectation values, 
ß) a simpler problem, already known, — here the 

harmonic oscillator —, 
y) the exact value given by SCHRÖDINGER theory1 0 . 

Or we calculate a>i selfconsistently from the 
various eigenvalue equations by fixing coi in such 
a way, that it coincides with the lowest eigenvalue 
obtained. The second possibility is the most appro-
priate one, since in this case only the eigenvalues 
are calculated without any further information. 
Moreover we have then the full analogy to calcula-
tions in nonlinear spinor theory. Both possibilities 
will be compared in our calculations. In the first 
case, we have the following coi-values: 

a) 1.1447, ß) 1.0000, y) 1.0871. (6.3) 

b) T h e e i g e n v a l u e Eq . (5.24) 
With these approximated singular functions we 

get at once according to (1.4) 

Z(P) = C ^ L [ P 2 - ( a + m ) 2 + i e r 1 (6-4) 

and using (5.25) as well as the auxiliary formula 
(1.3) the approximated eigenvalue Eq. (5.24) has the 
structure: 

to l 1 — 
v2 

a • o)i 
(a + coi) [a2 — co2] 

+ 2 ^ ^ - [ c o 2 - ( a + y ) 2 ] - 1 (6.7) 

- [w2 - (co! + y W - i + A N i t o ; 0) 

= W(co; coi) - 0 

with the definition 

A(co ; rj) = : J j WiV) df 
(6.8) [(I — a>)2 — y2 + ie] 2 JI 

Now, according to App. II we represent the resol-
vent R (co — |; rj) of the integral Eq. (5.8) by a Neu-
mann-series, the first term of which we will then 
use. Thus, we replace R by the kernel (5.11) itself 
and (6.8) reads 

NW (co; rj) (6.9) 

y w i J i J [ ( l - c o ) 2 - y 2 + i £ ] 

The calculation of (6.9) is carried out by closing the 
integration contour into the negative imaginary 
half plane and using the residual theorem. This is 
done in App. I. The eigenvalue equation in this ap-
proximation is then also given there because the 
expressions get somewhat lengthy. We get IF(co; coi) 
to be a meromorphic function of co and coi. 

Other approximation possibilities will not be con-
sidered, i.e. especially a systematic investigation of 
the first terms of the Neumann series. 

c) S i m p l e a p p r o x i m a t i o n s 
a) N = 1. 

The most simple approximation is for N = 1. 
Then we put ^3(919293) = 0 and get at once from 
(5.16) 

C N - a 2 - c o 2 = 0 . (6.10) 



This gives because of a 2 = 3/2 OJ\ the selfconsistent 
eigenvalue21 

OJ l / : = (oi= y 1.1447. (6.11) 

This eigenvalue was already obtained by HEISEN-
BERG7 and KAISER9 f rom the lowest one-time ap-
proximations. Moreover we get this value in the 
simplest approximation of the twopoint function 
F{t\ — t2). I t is remarkable that, at this value, we 
have g ( p ) = f(p) because of coi = a, i .e. the approx-
imated Green's function and twopoint function are 
identical. B y this, Eq . (5.2) becomes much simpler, 
because additionally we have h (q) = 0. 

ß) Lowest N = 3 approximation 

In the simplest approximation we consider only 
9?i-contributions to determine x(Pi>Pz) - Thus we 
put in (5.17) ^ 3 = 0 and use in Eq. (5.23) 

io(Pi; P2) =-F{p2)q?i(pi + p2) (6.12) 

with the result according to (6.1) and (6.2) (6.13) 

A+a*-p*+3-tXf&(*)f(p-*) da j <pi(p) = 0. 

Using (6.4) and (1.3) we have 

"Jif * ( « ) / ( ? - < x ) d a 
(a+ 2 cox) 

1-) 
2: 

2aa>\ 

(6.14) 

( a + 2coi ) 2 + i e ] - 1 

and with (3.11) Eq. (6.13) results after ^-integration 
in the eigenvalue equation 

l f o ( o j ; W l ) = A + a 2 - co2 (6.15) 

(a + 2 on) 
2 a o>i2 [co2 - (a + 2co i ) 2 ] " 1 = 0 . 

III. The Hermitean Representation 

7. The Q-equations 

Now we consider the other possibility, namely to 
represent 3~ e ( j ) by Hermite base functionals 

Jn(h ...tn;j). 

Again we start with the Dyson expansion (3.3). How-
ever, for the evaluation of the symmetrical matrix 
elements it is necessary to perform genuine func-
tional integration between different base functionals 
(3.1). This is done by a transformation of the base 

21 We shall get the same result, if we put in (5.23) 
%{pi;p2) = 0. 

functionals into the standard form by changing the 
source functions j(t). Substituting the transforma-
tion 

j{t) = jK{t-t')h{t')dt' (7.1) 

in (3.1) and (3.3), where K(t — t') is defined by 

J K {h — t)F(t — t') K {t' - h) dt dt' 
= %d(h-t2) (7.2) 

we obtain the expansion 
(7.3) 

( h ) = 2 J Xn (h... Sn) d« (Si . . . ! „ ; h) dSi ... d£„ 
tt = 1 

with the standard Dyson functionals 

(7.4) 

= :^jh(h) ...h{tn)exp 4 / >>2(!)d£ 

and 

X n ( h . . . t n ) ( 7 . 5 ) 

= :jK(h-h)...K ( f „ - f „) (fn (Si • • • Sn) d f 1 . . . d£n . 

B y transformation of (7.2) into Fourier space, we 
can determine K(t\ — t2) to 

K(t1-t2) = ^ J K(p) e~i(tl~h)v dp 

~ 2 71 J 
e-i(h-h)p 

1/2 F(p) 

(7.6) 
d p . 

But we shall see later, that all K(t\ — t2) can be 
eliminated in the final equations. 

Having transformed the state functionals we have 
to do the same procedure with the functional oper-
ators. Therefore we use the relation, resulting f rom 
(7.1) 

and choose the smearing out operator S of (2.5) to 
be 

s = : / b k K ~ n - 1 i ® K~x G - l ' 
X s{t'— t)d£dtdt' 

(7.8) 

where s(t — t') is a still undefined function which is 
chosen only for practical aspects of integrability. 
Then the functional Eq. (2.6) reads 

/ - I A + ^ O ^ ; _ ; f j d ^ ( A ) = 0 (7.9) 

with the "creat ion" operator A+ defined by 

A+(t)=:\h(t)-djdh(t), (7.10) 



and 

0{h> th ; * ) = : / ' ( * - 00 (/*(« - v ) h ( y ) , 

I t must be noted, that the Wick ordering is different 
in the unsymmetrical Dyson- and the symmetrical 
Hermite representation, because it is characterized 
in functional notation by the corresponding ex-
ponential functionals1 8 b 

e x P [— \ J i ( I ) F (f — y) i ( y ) d £ d y ] r e s P-
e x p [ - * j A « ( f ) d f ] . 

B y this the undefined factor x in the Green's func-
tion (2.3) is given by 

1 Dyson unsymmetrical 
X \ Hermitean symmetrical . 

Instead of the standard Dyson functionals 

dM(fi... tn ; h), 

which are not orthogonal in respect of Hilbert space 
integration, we now use orthogonal Hermite func-
tionals Jn (t\ ... tn; h) defined in I I I which satisfy 
(3.5). With the help of the representation of the 
unit operator in functional space 

d(h,h') = 2 S\Jn(h...tn-,h)y<:Jn(t1...tn; h')\dh...dtn (7.13) 
71—1 

the matrix representation of the functional Eq. (7.9) now reads 

-<Jt(h...h) | / (714) 

00 l'F1 r m 
— 2 lr=T / < « M ' i •••'*) Jm{xi... xm)y fm{xi... xm; g) d£ d ^ i . . . dxm = 2 fm-i(t^---hm', hj = 0 

with fm{xi ...xm\f) =: (Jm{xi ...xm) 0 (h, ; f j |/m!. (7 15) 

Thus the operator S in (7.8) is shown to symmetrize the individual equations fm(xi ... xm; £) = 0. B y 
means of the recurrence relations for the operators h and d/dh we can calculate the matrix elements 
(7.15) analogously as in I I I and get — already transformed in Fourier space — 

jk{pi---pk\p) =~s{p)G(p) j QkMV-£\£Vi---Vk)Y~ 

3 fc ~ 1 ~ 

k _ k 
+ 3 2 F(Ph)F(Ph) Qk-1(Pt3 • • • Pxk; Px* + Px3 + P) + 2 B ~ ( p ) F ( P ) 2 7 1 6 ( p + Piil) (Ph--- p j 

k „ 
+ 6 2 F ( pXl) F ( P;J F ( ph) 2 7lÖ(p + pAl + pÄ2 + P;J Qk-3 ( pU . . . p j 

with the definition B± (p) =-.G~^{p) ±Yf~1(p) (7-17) 

and the transformed expansion functions 

Qi(Pi--Pi) =:K{pi)...K{p])ii]{pi...p})il. (7.18) 

The contracted functions are defined as in (4.8). From (7.16) a most appropriate smearing out function 
s(p) can easily be derived namely 

« ( p ) = : ö - i ( p ) 2 J 5 + ( p ) - i . (7.19) 

Then we get after symmetrization the most favourable diagonal term k • Qk(Pi---Pk) whereas every 
differing f rom (7.19) would result in a diagonal term of the kind 

h2*(Pl) B+(Pl) 
L 7 = 1 

Qk(Pl---Pk). 



With this special s(p) the final symmetrized equation system has the same structure as in the 
Dyson representation (4.5). They only differ in the coefficient functions. The general form of the equa-
tion system for both representations is 

k ^ Jc 
k • Qk (Pi... Pk) = 2 / - £ I f Ph • • • Ph) + 3 2 K (P*'i Ph) (Ph + Ph \Ph--- Ph) 

Ai=l J (Ai,A2)=l 
k k 

+ 3 2 h i ( P h Ph Ph) Qk-2 (Ph • • • Ph; Ph + Ph + Ph) + 2 h ( P h ) 2 710 (Ph + Ph) Qk-2 (P*. • • • Ph) 

k 
+ 2 (Ph Ph Ph Ph) ^nb (ph + pi, + ph + p j Qk-4 (Ph--- Ph) • 

(h,h,h,h) = l 

(7.20) 

The coefficient functions are defined by 

Hermite 

h(p) 

H P ) 

K(pi,p2) 

hl(pi P2 P3) 

\B(p) 

G~Hp) ] F - H P ) B(p)F(p) 

G'(p) 

- 2 F(p) 

Dyson representation 

)o'(p) 

I sym F(Pl) B(p2) 
Pi, Pi 

iSymF(p1)F(p2)B(ps) 
Pl,P2,P3 

h2(pip2p3p4) sym F(pi) F(p2) F (p3) B(p4) 
Pi,Pi, Pi, Pi 

B ( p ) = :2\G-Hp)+~ F(p)~i 

symF{pi)G'(p2) 
Pi, Pi 

sym F(px)F(p2)G'(p3) 
Pl,Pi,P3 

symF(pl)F(p2)F(p3)G'(p4) 
pi,Pi,Pi,pt 

(7.21) 

G'(p)=:-G(p) = [p2-x3F(0) -fte]"1. 

Thus, disregarding numerical factors, the only difference between both representations is the sub-
stitution of G' (p) by B(p) with the exception of h(p). Therefore the integration procedure of chapter 4 is 
also valid for both of them. For identification we mark the Hermitean coefficient functions by an index H. 

8. The N = 3 Approximation 

a) T h e l i n e a r c o m b i n e d , i t e r a t e d e i g e n v a l u e 
e q u a t i o n 

Truncating the system (7.20) for N — 3 i.e. 
putting Q/c = 0 for k > 3 we get analogously to 
equations (5.1) —(5.3) in the Dyson case 

hti) = T B w f M ^ k - ^ l f , (8-i) 

£>3 (tfl 02 ?3) (8-2) 
3 

= 2 ^ H (qi qk) Q3 (qi + qk I qi) + rf (qx q2 q3) 
1=1 

with 
3 

rf (qi 92 qz) = : 2 i (?«) 2 71 6 + (ffi) 
/=i 

+ hf (qi q2 q3) (qx + q2 + q3) (8.3) 
and 

ß3(?i 192) (8.4) 

= = Qz (91192) = g " „ j Q3 ( 9 i - S, f , 92) d | . 

Like in the Dyson case we use the iterated, linearly 
combined eigenvalue equation for numerical cal-
culations. All calculational steps run completely 
analogous to those in Sect. 5, and the resulting 
eigenvalue equations show the same structure. 
Therefore the other possibilities will not be dis-
cussed here once more. Again we introduce a 
linearly combined function 

XB. ( 9 i ; 92) = : Qz (91192) + 2 F (q2) £1 ( 9 l + q2) ( 8 . 5 ) 

and Eq. (8.1) iterated once with (8.2) reads then 
analogous to (5.23) 

+ 3 j K H ( S ) i i i ( £ ; g - f ) d £ / 2 w = 0 

with the definition 
An = : j A H ( ! ) d £ / 2 w . (8.7) 

The integral equation for ^h(9i ;92) derived from 
(8.2) has the same structure as (5.9): 

m(r]-,q - V) = ?b(v) [WH(r];q - rj) (8.8) 

+ 2 j Ä H ( 9 - ^ - ( g - V ) ) XH (£; 9 - £) d£/2jz] 



with 

W K ( r ] - q - r ) ) (8.9) 

= : [Mh • 2 7t Ö (rj) + i hH(q - r,) + 2 F(q - *?)] ^ (g ) 

and 

yH(r?) = : [ l - ^ h ( ^ ) ] " 1 . (8.10) 

The solution of (8.8) is analogous to (5.20) 
(yiq — rj) = yn(rj) [Wn{y, q — y) 

+ j Rn(q — y,£) q — £) d£/2TT] (8.11) 

with the resolvent RH (q — rj; £) belonging to the 
kernel (8.12) 

itfH(<? - y, £) = : 2 y H ( l ) KH(q - v , £ ~ ( q - rj)) 

Inserting (8.11) and (8.9) in (8.6) we get, because of 
})\ (p) = Co • d (p — co) after ^-integration the final 
eigenvalue equation 

ö i ' M + 4 - ^ ( 0 » ) + 4 Aji[1 + Ä|(o , ; 0)] (8 1 3 ) 

i 2 | ( c o ; e o - £ ) | | = 0 / 
with the definition 

Ä | ( ö ) ; f ) = : y H ( f ) ^ H ( f ) (8-14) 

+ J" yn(y)Kn{y) Rk(m — y, . 

b) T h e a p p r o x i m a t e d s o l u t i o n o f Eq. (8.13) 
Using again the approximative functions i^app (p) 

and Crapp(p) but now with a2 = 3/4 coi we have 
from (7.21) 

B(q) =:b(q) = [q2 - b2 + i e]'1 (8.15) 

with b2 = \ [a2 + co?] 

and because of (1.4) 

{b + coi)2 + i e ] - 1 . (8.16) 

Then (8.10) becomes 

yn{p) = 
ja2 — (6 + a>i)2 

P + 
with y^ = : (6 + coi)2 + 

Furthermore because of 

(fe + coi) 
46 a>i 

hH(p)=-2i[a>2-a2]b(p)f(p) 

= 4 i[b(p)-f(p)] 
(8.7) reads 

2(ct>i — b) 
b • o)\ 

(8.17) 

(8.18) 

(8.19) 

and (8.14) becomes 
(b + coi) 

46 coi 

X 
1 

£2 _ yH2_j_ + / 
(8.20) 

d rj 
[(rj — co)2 — yn2 + te] 2tt 

Now the approximative eigenvalue Eq. (8.13) can 
be written 

8b0Jl th 2 2\ I 2 / 2 (62 - co2) + —2 (cOj 
(6 + ö»i) 

, (7H + b) 

(7H 
4 yH • coi ( -

yH • 6 

[CO2 

b2) 

(yH + 6)2]-i (8.21) 

(yH + coi)2]-i + 4- ^ H A H ( c o ; 0 ) 
l 

NH(CO; ( o - £ ) d £ 

= 1FH(CO; COI) = 0 

with the definition analogue to (6.8) 

A H ( c o ; | ) = : 2 / [(^ — co)2 — yH2 + ie] 

(8.22) 

dr]. 

Replacing again as in the Dyson case the resolvent 
Rn(to — y ; £) of integral equation (8.8) by the 
first term of its Neumann series i.e. by the kernel 
(8.12) we have 

N£ ( co ;£ ) (8.23) 
[f(V)b(£-V) + b(Tj)f(£-Tj)] 

= yn(«4 ) =)- f1 711 J [{rj — co)2 + yH2+ ie] drj 

The investigation of (8.23) and the resulting eigen-
value Eq. (8.21) is given again in App. I. 

c) Other s i m p l e a p p r o x i m a t i o n s 
a) N = 1 . 

We now consider the same possibilities as in 
section 6.c of the Dyson representation. Therefore 
we put in Eq. (8.1) £3(pi|p2) = 0 and get 

b-±{(jo) = co2 - b2 = 0 . (8.24) 

Because of b2 — \ (co? + a2) and a2 

yields the selfconsistent eigenvalue22 

CO = 0)\ 0.9085 . 

3/4 co i this 

(8.25) 

This value was already obtained by MAISON16 

in the nonsymmetrized g-case and in III for the 
symmetrized p-q-case. For this special value we 
have coi = a = b and therefore g(p) = f(p) = b(p) 
i.e. the coefficient functions (7.21) and Eq. (8.2) 
become much simpler 
22 One obtains the same result if we put in (8.6) 

XH(PI'*P2) = 0. 



ß) Lowest N = 3 approximation 
Again we only use ^-contr ibut ions for P2) 
and put thus £>3=0 . Then ^n reads 

& (vi; P2) = 2 F (Pi) ei (Pi + P2) (8.26) 

and we get f rom (8.6) with (8.15) 

Qi(p) (8-27) 

X ^ 4 h + 8 ( 6 2 — 2 > 2 ) - f 6 j ' f ( p - i ) d f ] 0 . 

This results in the eigenvalue equation 
ITH (CO ; (OI) = AH + 8 (62 — co2) (8.28) 

3 (b + 2w1)r , ^ , 0 xai_1 + [co2 — (6 + 2 coi ) 2 ] - 1 = 0 . 6 c/Ji2 

IV. Other Possibilities 

9. The system of nonsymmetrized equations 

Instead of smearing out or combining linearly the 
original functional Eq. (2.4) with the operator S of 

(2.5) one can naturally investigate it directly, too. 
Then, as well, the solutions may not depend on the 
arbitrary parameter t. W e have to take into con-
sideration that the expansion functionals 

Dn(h...tn;j) resp. Jn(h ... tn; j) 

for the solution functional 3 ~ e ( j ) are symmetrical 
in all variables, wherefrom the symmetry of the 
expansion functions (pn(h---tn) resp. rjn(ti...tn) 
and Q n (h •••tn) can be seen by (3.3) and (3.6). This 
means the symmetry o f the expansion functions <pn 

and Qn in all variables represents an essential sub-
sidiary condition to the functional Eq. (2.4). B y the 
application of the operator S this condition has been 
automatically fulfilled as can be recognized from 
the structure of (7.20). T o satisfy this condition 
without linear combination we have to investigate 
the system of matrix representations in the Dyson 
case 

<Z)» (h . . . tk-itk+1... tm+1) 0 (j(tk), J .rQ(j) ) j /m! = 0 

respectively in the Hermite case 

{Jm(tl... h-1 tk+1... tm+1) 0 (h, ~ • tkJ .rQ(A)> ]/m\ = 0 . 

1 . .. m -f- 1 
m = 1 . .. 00 

k = 1 . .. m + 1 
m = 1 . .. 00 

(9.1) 

(9.2) 

Both equation systems have the same structure and read analogous to chapter I I and I I I in Fourier space 
k 

Qk+2 (Ph - ffl"Ph • • • Ph) 2^ + 3 2 Ru (Ph Ph) Qk (:Ph + Ph I Ph • • • Ph) 
h= 1 (9.3) 

k k 
+ 3 2 Ä1 (Ph Ph Ph) Qk~2 (Ph • • • Ph'' Ph + Ph. + Ph)+ 2 hU (Ph) 2 31 Ö (Ph + Ph) Qk-2 (Ph • • • Ph) 

(A2,A3) = 1 h = l 
k n _ j fc \ 

+ 2 h2 (Ph Ph Ph Ph) (ph + ph + P-A 3 + ph) Qk-4 (ph ... Pxk) (h 

with the coefficient functions: 

Hermite 

ho(p) 

h»(p) 

Ku(p, pi) 

K(PPiPi) 

\B(p) 

G~HP)-IF-I (p) 

lB(p)F(pi) 

\B(p)F(pi)F(p2)-2 

B(p) F (p) 

K(VViPzPz) B(p) F(pi) F(p2)F(p3)- 6 

Dyson 

G'(p) 

F ( p ) + l 0 ' ( p ) 

G'(p)F(pi) 

G'(p)F(pi)F(p2)-2 

G'(p)F(pi)F(p2)F(p3)' 6 . 

(9.4) 

B(p) and G'(p) are given by (7.21). One easily recognizes that the Eq. (7.20) can be obtained from 
(9.3) by summation over Ai i .e. the analytical structure has remained the same. 

As in nonlinear spinor theory Eq. (9.3) is always used because of simplicity, we shall investigate for 
comparison the lowest approximations in the Dyson representation. 



10. N = 3 approximation 

The truncated equation system (9.3) for the (pi and 993-functions reads (q?3 = 9)3!) 

fi(p) = -G(p)Jy3(p-£\£)-^, (10.1) 

(P3{P1P2P3) = 3 2 KU(PiPk)(p3{Pi +Pk\Pj ) + 2 h U ( P i ) 2 : t ö ( P i + P k ) n ( P j ) (10.2) 
j 4= i, k j 4= i, ifc 

+ 9>i(pi + Pi + P3) (»' = 1, 2, 3 ) . 

Like in the preceding chapters we introduce again the linear combined function %(pi;p2) given by 
(5.17) and get from Eq. (10.2) 

h(PiP*P3)= 2 {3Ku(PiPk)x(Pi + Pic;Pj) (Vi) 2n6(pi + Pk)yi(P])} (i — 1) 2, 3) . (10.3) 
j * i, k 

The application of the contraction operation (4.8) on the system (10.2) yields two different integral 
equations for the function ^(p i ; P2) 

i ( p i ; i * ) [ l - 3 * « ( p i ) ] (10.4) 

= ^JKu(£ — p2,Pi) + P2 — + Y A 2nd(pi) + \g(PZ) (pi(pi + p2) 
f o r i = 1 , 2 , 

x(PI;p2) = 6fxu(p2;£-p2)x(i;pi + p 2 - s ) - ^ - [F(p2) + 2 i G ( P 2 ) ] ( p i + n) (io.5) 

for i = 3. 
By adding Eq. (10.4) once and Eq. (10.3) twice which has been multiplied by J we obtain the 

symmetrized equation of Sect. 5. Defining 

y i ( p ) = : [ l - 3 £ « ( p ) ] - i (10.6) 

and substituting pi-{-p2 — : q\ Pi = yp2 = q — y the integral Eqs. (10.3) and (10.4) become — the 
structure is already wellknown from (5.9) and (8.8) — 

X{rj)q — rj) = yi(rj) W ( v ; q - v ) + 3f K*(£-(q-V),q-V)z(£;q (10.7) 

Z(v;q-tl)=Wt(q-V) + 6 J K^(q-r],£-(q-r]))x(£-,q-£) (10.8) 

with the inhomogeneous parts 

W1(V;q-V)=:[iA2nd(V) + l/i Q(q - rj)] n (q), (10.9) 

W2(q-r])=:- [F(q - rj) + 2 iG (q - rj)] q>x(q). (10.10) 

A simultaneous solution of both Eqs. (10.7) and (10.8) can hardly be found. Therefore we may 
suggest, to treat both equations separately, as has always been done in nonlinear spinor theory3 . Then 
we have two different solutions x i , X2 and consequently two different eigenvalue equations where we 
can compare both possibilities by the resulting eigenvalues. The formal solutions of (10.7) and (10.8) are 

Xi (v; q - if) = yi (v) \wx (rj; q - rj) + J Äi (q - rj; £) W1 (£; q - £) d£/2 TT] (10.11) 

~X2 (v ;q - n) = (q ~ rj) + J R2 (q - rj; £) W2 (q - £) d£/2 Tt (10.12) 

with the resolvents Ri (q — rj; £) and R2(q — rj; £) belonging to the integral equation kernels 
Mi (q - rj; £) = : 3 Yl (£) Ku (£ - (q - rj), q - rj), (10.13) 

M2 (q - v ; £) = : 6 Z » (q - rj; £ - (q - rj)). (10.14) 



W e use again the iterated form of Eq. (10.1) given as well by (5.23) and get the final eigenvalue equations 

3 [.4 + 3 i ^ ( 0 ) - o j 2 ] + Y~A /?L(CO;0) + 2 ^ i / Ö(CÖ - f ) Ä } ( w ; f ) d f = 0 , (10.15) 

3 [A + 3 F (0) - to2] - ~ J [F (co - £) + 2 i G (co - £)] R\ (co; I ) d | = 0 (10.16) 

with the definitions 

R{(co;£)=:K ( f ) y i ( f ) + J" £ (R?) 71 (*?) («> - ; I ) dry/2 TT , (10.17) 

J*j (a> ; £ ) = : £ (f) + J £ (*?) R2(co-V;£) dr?/2 yr . (10.18) 

a) T h e a p p r o x i m a t e s o l u t i o n s o f (10.15) and (10.16) 
With the approximated functions F app (p) and G app (p) we have because of (9.4), (4.10) and (6.4) 

K"(p) = I K(p) = {a2+a^]- [p2 _ (« + coi)2 + i £ ] - i (10.19) 

and (10.6) becomes 
i>2— (a+CWl)2 2 / 1 \9 , 3 + 0>l) /1 A OA\ 

n ( P ) = y 2 _ n 2 + f e - With r 2 = ( a + W i ) 2 + _ _ _ _ _ > ( 1 0 2 0 ) 

W e approximize again the resolvents i?i and i?2 by its kernels (10.13) and (10.14) and thus get the 
final equations 

3 + ° 2 - • - + ^ & " + J'1»2!-1 (10.21) 

+ J g ( ° > - t ) W ( c o - , l ) d f = jr1(<B;a>i) = 0 , 

I «TFS5- ^ + " 2 - ro2) + ra[ra2 - ( W 1 + 2 a , 2 ] ' 1 - I»2 " <» + 8 » ' W - 1 

+ i " ; / [2 <7(0, f ) / (oj f ) ] A ™ (OJ; f ) d f = W 2 (o, ; o n ) = 0 < 1 0 ' 2 2 ' 

with the definitions 

* r » < ® ; f ) - : s n t f ) ^ / K ^ z J U W ^ d , , (10.23) 

m » : e ) = : > U f t t , - ^++<.]d»• <10-24» 
The evaluation of these formulae and of the eigenvalue equations themselves are given in detail in App. I . 

b) S p e c i a l l i n e a r c o m b i n a t i o n 
For the calculation of the first eigenvalue coio a special linear combination of the equation system 

(10.2) is of special interest. Therefore we form the combinations 1 + 2 — 3, and the cyclical permutations 
of them, of the corresponding Eqs. (10.2) with index i = 1, 2, 3 and get 

N ( P I VI N) =  3  K ( P I VK) X ( P T + PK; v j ) + 3 2  K a ̂  PI) X ̂  + v r > V K ) + h (PI) 2 n 6 (pt + pk) <px (pj) (10 .25) 

(7 = 1 . 2 , 3 ) 

with the definitions 

Ka(pip2) = K"(pip2) - Kn(p2pi), K(p!p2) = Ku(pip2) + K*(p2p 1) . (10.26) 

Application of the contraction operation then yields the integral equations (10.27) 

for j - 3, 

X(vi; V2) = 6 J K U ( p 2 ; S - p2) X ( £ ; VI + V2 - £) d£/2 i t - [ / ( p 2 ) + 2 I G ( P 2 ) ] ^ ( + p2 ) (10.28) 

for j= 1 ,2 . 



Equation (10.28) is identical with integral Eq. (10.4) obtained from the original Eq . (10.2), while 
(10.27) differs mainly f rom (10.3) in the kernel of the integral equation. Defining 

y a ( p ) = : [ l - 3 * ( p ) ] - i (10.29) 
Eq. (10.27) becomes 

X (Pi> Pi) = 72 (Pi) ( 6 J Ka(£ - P2; pz) x ( £ ' > P i +P2—S) d | / 2 7c+[A2jid(Pl)+F(p2)]yi(pi+P2)}. (10.30) 

N o w Ka(pi p2) vanishes for / ( p ) = g(p) identically. 
This means that in the lowest approximation (6.11) 
we can neglect the kernel Ka and get 

X(P11P2) ^ (10-31) 
= y2(pi) [A2nd(pi) + F(p2)] <pi(pi + p2). 

Using the approximated functions f(p) and g(p) 
Eq. (10.29) becomes with (6.4) 

— (a + o)i)2 

Y2(p) = 
pt, 

P2 — y22 + i e 

with yl = :(a + co tf + 3 (a + o)i) 
a • 0)i 

(10.32) 

and (10.31) substituted in the iterated Eq. (5.23) 
leads to 

1 a • oi i 
lf3(co; coi) 3 (a + W l ) 1 , 4 + a * - c o * ] (10.33) 

_ \ + < £ ± 5 * ) L [C02 _ ( + W l ) 2 ] - i = o . 
722 2 >»2 • a>i L ' J 

V. Calculations and Results 

a) Z e r o p o i n t s 

The approximated eigenvalue equations of the 
preceding chapters have been investigated numeri-
cally on the CDC 3200 computer of the University 
of Tübingen. In detail the following equations have 
been treated: 

1. Dyson representation 

W(co;wi) = 0 according to (6.7) symmetrized, 
general equation 

WQ(W, COI) = 0 according to (6.15) symmetrized, 
lowest approximation 

Wi(co; COI) = 0 according to (10.21) not symme-
trized, twofold weight 

W2(w, coi) = 0 according to (10.22) not symmetri-
zed, single weight 

1^3(co; coi) = 0 according to (10.33) not symmetri-
zed, special linear combination, 
lowest approximation 

2. Hermite representation 

Wn (co; coi) = 0 according to (8.21) 
symmetrized, general equation 

Wft(co; coi) = 0 according to (8.28) symmetrized, 
lowest approximation. 

In structure, all these equations are linear combi-
nations of meromorphic functions of the variable co, 
the poles and coefficients of which are still depending 
on the parameter coi. This feature mainly character-
izes the fact that the obtained integral equations 
have been solved by the iterative solution of a 
Neumann series, as discussed in app. I I . 

Equation Oil 21 22 23 

Dyson 
WQ 

1.0000 
1.0871 
1.1447 

0.9491 
0.9790 
0.9962 

3.2886 
3.4011 
3.4801 

Wx 0.9086 
1.0000 
1.0871 
1.1447 

1.1240 
1.1010 
1.0840 
1.0748 

3.6470 
3.7298 
3.8060 
3.8472 

4.0909 
4.0537 
4.0485 
4.0667 

W2 0.9086 
1.0000 
1.0871 
1.1447 

1.1511 
1.1451 
1.1377 
1.1325 3.1944 

3.7602 
3.7204 
3.6891 
3.6620 

w3 0.9086 
1.0000 
1.0871 
1.1447 

1.1192 
1.0947 
1.0767 
1.0672 

4.1700 
4.2500 
4.3381 
4.4020 

W 0.9086 
1.0000 
1.0871 
1.1447 

1.1280 
1.1077 
1.0924 
1.0840 

3.7793 
3.7490 
3.7589 
3.6521 

4.0026 
3.9617 
3.9411 
3.9369 

Hermite 0.9086 
1.0000 
1.0871 
1.1447 

0.8799 
0.9243 
0.9672 
0.9962 

2.7351 
2.9419 
3.1462 
3.2845 

Wn 0.9086 
1.0000 
1.0871 
1.1447 

0.8903 
0.9280 
0.9674 
0.9951 

2.8279 
2.9676 
3.1112 
3.2118 

2.9196 
3.0248 
3.1637 
3.2592 

Table 1. Zero points zt of the equations 
W0{a>; on) = 0 , W n ( o i ; coi) = 0 

for the parameter values o>i. 



The zero points z* (coi) of the various eigenvalue 
equations have been determined in the co-interval 
[0.5, 6.0] with an accuracy of 10 - 7 as function of the 
parameter coi. The value of the parameter coi itself 
runs trough the interval [0.7,1.3] with interval steps 
of 0.02. As discussed in Chapter 6. A the following 
fixed coi-values are of special interest 

0.9085 Hermite N = 1 approx. (8.25) 

OJI = 1.0000 harmonic oscillator 
1.0871 exact value with Schrödinger theory 
1.1447 Dyson N — I approx. (6.11). 

For them we get zero points arranged in Table 1. 

b) I d e n t i f i c a t i o n o f z e r o p o i n t s 
w i t h p h y s i c a l e i g e n v a l u e s 

We expect only to get the physical eigenvalues 
coio and CO30; and it is the question which zero point 
has to be identified with them, because with each 
higher iterative approximation of the corresponding 
integral equations we get more physically irrelevant 
zero points as the degree of the resulting algebraic 
equations increases. W e use therefore some prin-
ciples which should be satisfied. 

1. Identification of the lowest positiv zero point 
zi with the lowest physical eigenvalue coio as long 
as this does not contradict conditions 2 and 3. 

2. Maximal consistence against variation of the 
parameter coi i.e. such zero points are of no im-
portance which vary too much as function of coi 
or which even disappear or appear. This condition 
is a consequence of the invariance of the physical 
eigenvalues against the choice of different base 
functionals. 

3. Consistence against the various equations i.e. 
only such solutions of the individual equations are 
acceptable which satisfy approximatively the orig-
inal equation system as discussed in Chapter IV. 
This means that only such zero points are of interest 
which show nearly the same value in all equations 
and in the neighbourhood of which corresponding 
equations show a similar functional behaviour as 
functions of the variable co in fixed parameter coi. 

With the aid of these criteria we can identify the 
zero points of Table 1 in the following way: zi = coio; 
23 = C030. The quantity z2 has to be rejected namely 
in detail because of 

equation Wi W2 W Wn 

rejection condition 2 2 3 3 

c) T h e s e l f c o n s i s t e n t e i g e n v a l u e Q10 
This value is determined by the condition 

Zl (co 1) = COl 

and it is thus obtained in full analogy to calculations 
in nonlinear spinor theory as we have there no in-
formation about the parameter coi (exept values 
obtained in lower approximations). 

d) R e s u l t s 

With this the calculated eigenvalues coio(coi), 
W3o(coi) and the selfconsistent values D10 can finally 
be given in Table 2 and 3. In addition also those 
values are given, which we can get by arithmetic 
averaging of the values obtained from Eqs. Wi and 
W2. They agree quite well to those obtained from 
Eq. W which has already been averaged before. 
Furthermore the relative deviations zl 10 and ZI30 
from the corresponding exact value are stated at 
the selfconsistent eigenvalue DIQ. From the follow-

0.9086 1.0000 1.0871 1.1447 Q10 J10 
[%] 

Dyson 
W0 0.9491 0.9790 0.9962 0.9128 +16.1 
Wx 1.1240 1.1010 1.0840 1.0748 1.0844 - 0.3 
W2 1.1511 1.1451 1.1377 1.1325 1.1335 + 4.2 
W3 1.1192 1.0947 1.0767 1.0672 1.0783 - 0.8 
W 1.1280 1.1077 1.0924 1.0840 1.0917 + 0.4 

^(2 JF1+PF2) 1-1330 1.1157 1.1016 1.9040 1.1008 + 1.3 

Hermite 
W°H 0.8799 0.9243 0.9672 0.9962 0.8527 -21 .6 
WH 0.8903 0.9280 0.9674 0.9951 0.8791 -19 .2 

Table 2. Eigenvalue a>i0. Exact value E10 = 1.0871; 
zJio = : (£?io — Eio)/Eio-

0.9086 1.0000 1.0871 1.1447 Q10 A30 
[%] 

Dyson 
W0 3.2886 3.4011 3.4801 3.1861 -24 .1 
W-l 4.0909 4.0537 4.0485 4.0667 4.0482 - 3.6 
W2 3.7602 3.7204 3.6891 3.6620 3.6687 -12 .6 
W3 4.1700 4.2500 4.3381 4.4020 4.3287 + 3.1 
W 4.0026 3.9617 3.9411 3.9369 3.9405 - 6.2 

i (2 WI+W2) 3.9817 3.9759 3.9287 3.9318 3.9217 - 6.7 

Hermite 
W°H 2.7351 2.9419 3.1462 3.2845 2.6136 - 3 8 
Wu 2.9196 3.0248 3.1637 3.2592 2.8830 - 3 2 

Table 3. Eigenvalue co30. Exact value E30 = 4.2002; 
^30 = («>30 (^lo) — E3o)jEzo-



ing Fig. 1 and 2 the course of the eigenvalues 
coio(coi) and a>3o(coi) as functions of the parameter 
coi can be seen for the various equations. 

Fig. 1. Eigenvalue ft)io(«>i) as function of the parameter u>i 
for the various equations Ho ... H'H• 

ay 

Fig. 2. Eigenvalue co3o(ct>i) as function of the parameter u>i 
for the various equations WQ . . . WH • 

Summarizing the results of our calculations we 
state: 

1. In the investigated g-case the Hermite repre-
sentation leads to completely unacceptable values 

especially as far as the higher eigenvalues are con-
cerned. This is not surprising as the smeared out 
functional Eq. (2.6) is not Hermitean (in the sense 
of functional analysis) in contrast to the p — q 
case1 4 . But only for a Hermitean equation we can 
hope to" improve the eigenvalues, as then this 
quality is preserved in the symmetric Hermite repre-
sentation but not in the Dyson one. 

2. The Dyson representation, however, results in 
very good eigenvalues. Here the unsymmetrized Eq. 
Wi and the symmetrized Eq. W yield nearly the 
same good values, whereas the other unsymmetrized 
Eq. W<L results in somewhat worse ones. (In non-
linear spinor theory it is supposed, that this type 
of equation cannot be used in the N = 3 approxima-
tion!) I t turns out that the appropriately chosen 
linear combination of the unsymmetrized equa-
tions leads to excellent results in simplest approx-
imation without much calculational effort. 

3. W e have to apply various equations instead 
of only one in order to be able to identify the ob-
tained zero points with physical eigenvalues as long 
as we are only considering low N . T . D . approxima-
tions. Additional group theoretic arguments can not 
be used. On the other hand it is practically im-
possible to calculate a set of eigenvalues CON f rom 
higher N . T . D . approximations in order to reject the 
accidental unphysical zero points. 
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Appendix I 

Here we shall take a glance at the used approx-
imated two point junction f(p) and Green's function 
g(p) as given by (6.1) and (6.2). They are both 
functions of the kind 

f(p; ck) = : [p 2 — cf. + i e ] " 1 ck > 0 , real 
= [p — ck + ie'Yl[p + ck — ie]-1 (1.1) 

just as the exact functions F(p) and G(p). These 
functions can only be integrated in Feynman's sense 
i .e. the integration is carried out at first with finite e 
(or e') and only after calculation the limes e - > 0 



is made. But this means that we are dealing with 
distributions. In the language of well known distri-
butions (1.1) can be written as 

f(p; ck) = ~ [d+(p - c k ) + ö-(p + ck)] (1.2) 

where <5+ and d - are the positive and negative 
frequency part of Dirac's d(p) function 2 3 . But 
Feynman's prescription makes also sense for pro-
ducts of functions of type (1.1) if handled with 
caution and thus defines a product theory of distri-
butions of type (1.2). For example the convolution 
of two functions f(p, ci) and f(p, c2) does not lead 
out of the space S> of functions of type (1.1). W e 

have 

f(p-i;ci)f(i;e2)di (L3) 

(Cl + c2) 
= 2cico 1 + C 2 ) 

and especially 

^ j g ( v - m s ) d f ,1.4, 

= 2 W " [ p 2 - (0 + 0)1)» + .'£]-*. 

N o w we shall specify the eigenvalue equations in 
detail. W e begin with eq. W(w; coi) = 0 accord-
ing (6.7). Then the evaluation of formula (6.9) for 

NW((o; rj) and partial decomposition leads to 

AMD(co; rj) = Yr(v) 
ai ai <*2 ao + <*3 a4 

(1.5) rj — co — ci r/ — co — ci rj — a> + ci rj — a> c\ rj — c rj + c 

with the definitions (by a bar the permutation coi a is indicated) 

ci = : y + a — ie, ci = : y + coi — i e, c = : + a — is, 

<*1 = : JVA f (Y + o>), äi = : 1(Ü1 g (y + OJ) , a 3 = : —* - [y (<o - coi) + y (OJ - a ) ] , ( I 6 ) 

a 2 = : - a 2 

y ( p ) = : [p 2 — y 2 + » e ] - 1 -

Then we get after some algebra 

y ^ g ^ ~ M>>' a4 = : ^ + + y (CO + a)] 

W(co; coi) = 
acoi 

(a + an) (a2 — co2) 
coi — er + 2 (a + y) 

a • y y ( 0 ) [ c o 2 - ( a + y 2 ] - i 

+ 

+ ~ciy{co + a) 

+ (coi — co) OC4 

(coi + y) 4 {a + a>i) 
2 coi y 0)1 ay2 

[c02 _ (0Jl + y)2]-l 

(coi — co) (co + coi + 2 a) 

1 

ai + ai a2 
y + a>i — a y + 2 a y + a + coi 

4 COI y (co + coi) (a — co) (co + a + 2 coi) ai + ai + 

(1.7) 

+ (co + coi + 2 a) a3 

ÖC2 . A2 
y + a — OJ\ y + 2a>i • y + a + coi 

+ (co + a + 2 coi) a3 + (a — co) 0C4 

a2 . ÖC2 
+ 2y 2g(co — y) — y / (co — y) (a + o>i) 

a • OJI 

+ 2 y + a — co 2 y + coi — co a 3 ( c + y) + a 4 ( c — y ) + ai y(co + y + a) 

«1 «1 
co + a co + coi 

1 
2 g r ( y + a ) - y / ( y + a) 

+ ai y(co + y + coi) 2gr(y + coi) - y / ( y + ft>i) 0 . 

Analogously we proceed with the equations 

Wi(o);a) i) = 0 , H r2(co;coi) = 0 

Appendix II 

In this appendix the singular integral equations 
shall be discussed. With the definition 

and I f H ( co ; COI) = 0 given by (10.21), (10.22) and *Pq{rj) = : 1 ~ V) (IL1) 
(8.21). W e then get equations of the same structure. , , , , , v ' » n they have the structure 

}Ft(V)=fM(q-V;i) II + Sq(rj) (II.2) 

23 W . GÜTTINGER, Fortschr. Physik 14, 4 8 3 [ 1 9 6 6 ] . q being an implicit parameter. 



The special kernels are given by 

2y(£)K(£-(q-r]),q-rJ) (II .3a) 

2yM£)Kjl(S-(q-ri),q-ri) ( I I .3b) 

Z y i & K v t f - i q - r j U - r j ) ( I I .3c ) 

6 K^iq-rj^-iq-f])) ( II .3d) 

M (q — rj; £) 

and the inhomogenous parts by (5.19), (8.9), (10.9) 
and (10.10). Remembering the definition of the dif-
ferent functions y(p) and K(pi,p2) we can see 
that the kernels (II.3) are mainly built up by F(p) 
and G(p ) functions i.e. by distributions of the kind 
(1.1) and (1.2) respectively. This is a general feature 
of dynamical calculations in quantum field theory 
as all characteristic functions such as propagators, 
commutators, Green's functions etc. have this struc-
ture2 4 . Thus we are consequently led to integral 
equations with Feynman kernels. Using the approx-
imation functions f(p) and g{p) for F and G the 
kernels (II.3) become in the notation of (1.1) 
M(q-r,£) (II .4a) 
= 2f-HS-a + a>1)f(£-,y)U(q-rj-£-,co1)f(q-r];a) 

+ /(?-*? — £; a)f(q - V' 

+ f(q-rj-£;b)f(q-rj-,co1)], (H-4b) 

3 / - i ( | ; a + c o i ) / ( £ ; y i ) / ( g - r ? - £ ; « ) / ( ? - > ? ; e o i ) , 
( II .4c) 

6f(q — »7 — Wi)f(q ~rj;a) ( II .4d) 

with the constants y, yH, y\ given by (6.5), (8.17) 
and (10.20). Because of this the integral Eqs. (II.1) 
have only to be considered in the distribution sense; 
all terms of an iterative series are declared, as the 
convolution of the functions j{p\ ck) exists accord-
ing to (1.3) and gives functions of the same struc-
ture. Thus any iterative solution does not lead out 
of the linear space 3> of these distributions of kind 

(1.1). This means, that the Neumann series 
oo 

n= 1 
(II.5) 

with 

Mn{q — rj] £) = JMn~i(q — rj-, x) M(q — x; £)dx 

Mi(q-V;£)=:M(q-V;£) 

lies also in Q). However, the main problem is to 
show the convergence in distribution sense and to 
fix the q spectrum, for a suitably chosen test func-
tion space. 

Unfortunately, no systematic treatment of inte-
gral equations of this kind has been given although 
they are already known in quantum field theory 
for a long time. Even in the simplest case of a 
relativistic two particle equation like the Bethe-
Salpether equat ion 2 5 a only tricks have been ap-
plied to handle the problem; and these tricks con-
tain dangerous assumptions not really justified. 
Even the well known Wick rotat ion 2 5 a has not 
been proved rigorously. 

The reason for this lack of rigour lies in the fact, 
that the Feynman kernels are distributions of kind 
(1.1) and do not belong to a class of L 2 functions 
i.e. the well known Hilbert space methods are not 
applicable2 5 0 . The integral equations defined with 
them may rather be called "super-Cauchy" equa-
tions due to the character of their singularities. And 
although integral equations of the simpler Cauchy 
type have been investigated intensively 2 5 b - c noth-
ing is known about these "super-Cauchy" equations. 
In a paper of SCHÜLER and STUMPF25a the simplest 
case of the integral equations (1.2) has been treated 
with the kernel (II .3d) for q = 0, but a complete 
theory is still open. It may be hoped that these 
Feynman integral equations can be mastered with 
the method of distribution theory 2 3 ' 2 4 and the con-
cept of rigged Hilbert spaces2 6 . 

2 4 E . PFAFFELHUBER, Thesis, University of Munich 1967 . 
25 a) W. SCHÜLER and H. STUMPF, preprint, University of 

Tübingen 1968. — b) N. I. MUSKELISHVILI, Singular 
Integral Equations, Noordhoff, Gronningen 1967. — 
c) W. POGORZELSKI, Integral Equations and their Ap-
plications, Pergamon Press, New York 1966. 

26 I. M. GELFAND and N. J. W I L E N K I N , Verallgemeinerte 
Funktionen IV, Deutscher Verlag der Wissenschaften, 
Berlin 1964. 


