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The theory of solution for quantum field functional equations as developped in II and II1
for a suitable test problem of quantum mechanics is investigated in low approximations. In
Sect. 1 the functional formulation of the anharmonic oscillator is once more given and in Sect. 2
general translational equivalent functional equations. The expansion of the physical state func-
tional into series of unsymmetrical and symmetrical base functionals and the representation of
the functional equations for such expansions are discussed in Sect. 3. In the next Sect. 4 the
unsymmetrical DyYSoN representation is investigated and the explicit representation of the
smeared out functional equation by an infinite system of equations is derived. Then in Sect. 5
and 6 the system of equations is truncated for N = 3 and the corresponding eigenvalue equation
is considered. The same is done in Sect. 7 and 8 for the HERWITTE representation. In the follow-
ing Sect. 9 the original functional equation in a not smeared out form is treated in the Dysow~
representation and the corresponding system of unsymmetrized equations is given. Furthermore
in Sect. 10 the N = 3 approximation together with other possibilities is investigated again.
Finally the numerical results of our calculations for eigenvalues are stated and discussed. In the

appendices technical details are derived.

Introduction

In nonlinear spinor theory the dynamical be-
haviour of elementary particles can be described by
functionals of field operators in a HEISENBERG-
representation and corresponding functional equa-
tions1-3. In configuration space the functional
equations lead to infinite sets of differential or
integral equations between the different matrix
elements of field operators4. This description is of
special interest, because it is formally wvalid for
canonical as well as noncanonical quantization,
where the usual SCHRODINGER theory is inappli-
cable2. However, up to now no systematic method
of solutions has been given for these fieldtheoretic
functional equations in the case of strong coupling.

For this the so-called New-TAMM-DANCOFF-
method (N.T.D.-method) proposed by HEISENBERG®
and first introduced by Dysox® can be generalized
to an approximation scheme for the solution of the
functional equations. In order to test this proposal
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the anharmonic oscillator is offered as the simplest
example, the functional equations of which are
analogous to those of nonlinear spinor theory, as is
shown in 2 and 3. This model has already been
investigated in some papers. At first HEISENBERG
calculated the lowest approximations of the one-
time N.T.D.-method in the p-g-representation?. The
numerical results were rather good in contrast to
those of ScHWARTZ’s8, who did not properly take
into account the commutation relations and f-sum
rules as Ka1ser® had shown. Later Stumpr, Wag-
NER and WAHL10 and WaeNER!! proved the con-
vergence of the one-time N.T.D.-method in the
g-representation. They also got fairly good results.

However, the full functional analogy of the test
system to nonlinear spinor theory requires the in-
vestigation of many-time functional equations. First
results about the solution procedure for the one-time
limiting case of the many-time functional-equations
have been given in 12. The systematic treatment of
many-time functionals has been undertaken by
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ScHULER and STUMPF in 13 and 14. The general idea
for the solution of the functional equations in 13
and 14 is the use of an expansion of the physical
functionals into series of suitably chosen base func-
tionals and to approximate the exact infinite series
by series with a finite number of terms. As has been
shown in 12, the approximation procedure can be
performed either in a symmetrical or in an unsym-
metrical functional operator representation. The
unsymmetrical representation leads with the N.T.D.
solution procedure to the wellknown field theoretic
formulation and has been discussed in 13 while the
symmetrical one has been investigated in 14. This
last representation seems to be more advantageous
because symmetry properties of the functional
operator such as formal hermiticty and selfadjoint-
ness are visibly preserved. Moreover, only in this
case the convergence of the eigenvalues in the one-
time limit could be proved 12 and also the proof of
convergence given in 11 takes actually place in this
representation. Naturally, in both representations
we have the choice between the g or p-g-form of the
matrixelements. Thus, because of simplicity, we
have investigated in 13 the ¢ version in the unsym-
metrical functional representation, while in 14 the
g-p version of the symmetrical representation has
been discussed in order to have more analogy to
nonlinear spinor theory. — Only the lowest
numerical approximations have been given there.

It is the aim of this paper to compare numerically
both possible functional representations in the
g-version for the lowest states of odd parity of the
anharmonic oscillator. Both the systematic ap-
proximation and other possibilities for approxima-
tion of the occuring equations in the lowest N.T.D.-
step will be investigated.

I. Functional Representation
1. The Functional Equation

The equations of motion for the anharmonic
oscillator are

San=p0. Sp0=—¢0

13 W. ScuuLEr and H. Stumpr, Z. Naturforschg. 22a,
1842 [1967], named II.

14 W. ScuuLEr and H. Stumer, Z. Naturforschg. 23a, 902
[1968], named III.

15 D. Ma1soN, Thesis, University of Munich 1967.

16 K. SymMAaNzIK, Z. Naturforschg. 9a, 809 [1954], Ap-
pendix.

17 Y. V. NovozaiLov and A.V.TurLus, The Method of
Functionals in the Quantum Theory of Fields, Gordon
and Breach, New York 1961.

(1.1)

W. SCHULER

with the canonical commutation relation
[p(®),q®)]-=—i-1.

The dynamical behaviour of the system (1.1) and
(1.2) can be described by the set of time-ordered
matrix elements?2.

2 (1. ta) =:<0|Tq(t1) ... q(tn) | o>

(1.2)

(1.3)

where 7' means time ordering and | ¥, is a station-
ary state of the anharmonic oscillator i.e. an
eigenstate of the time translation operator H. |0) is
the physical groundstate normed to unity. For
their calculation an auxiliary space, the so-called
functional space, is introduced, where the set of
7-functions is represented by a functional in the
following form

- (1.4)

3_9(]) =5 Zf‘[,%(tl o tg) Fr(ty ... tg;g)dey ... dtg .
k=1
The base functionals in the expansion (1.4) are
defined by

1k

;1

Fr(ty...tk37) =: 577 (01) ... j (k) (1.5)
with classical source functions j(t). Observing (1.4)
and (1.5) and the definition (1.3) the functional (1.4)
may also be written

T o(j) =<0| Texp[i [q(t)j(t)dt]| P> . (1.6)

For functionals one is able to define under certain
conditions a functional differentiation and a func-
tional integration15-18. Especially by functional
differentiation one gets the 7,-functions (1.3) back
from (1.6)

1 on -
(b tn) = i—nmje(fﬂaeo (L7)

Then, one can derive with (1.7) from the dynamical
egs. (1.1) and with (1.4) a functional equation
characterizing 7 ,(7). For details of its derivation
we refer to IT. One obtains

dz 6 . . 6 .

T e =T (i, 545) 7o) 18)

18 a) I. FrieDRICHS and A. SHAPIRO, Seminar on Integra-
tion of Functionals, Inst. of Math. Science, University,
New York 1957. — b) E. A. BErezIN, The Method of
Second Quantization, Academic Press, New York 1966.
— c¢) L. Gross, in Analysis in Function Spaces, Ed.
W. T. MArTIN and I. SEGAL, MIT-Press, Cambridge,
Mass. 1963.
— d) L. STrREIT, in Quantumelectrodynamics, Ed.
P. UrBaN, Acta Physica Austriaca, Suppl. II, Wien
1965.
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with (1.9)

’ [
o (i) i) =
Additionally stationary functionals have to satisfy
the subsidiary condition (1.10)

o3 p

P-To(i) =+ [i00) g 45 ¥ T o) =—iweT (i)
with w, =: (E, — E¢) and E, being the energy

eigenvalue to the state |¥,).
2. Translational Equivalent Equations

It is convenient to introduce normal ordering of
the interaction term by adding on both sides of (1.8)
a contraction term 2, resulting in

2.1)
2 . . ) ’
iz T 3F O] 575 7o) = ¥ (i), 5755) Te
with 2.2)
. o " J )
q (7 (®), 67'0)') =i, W)’) +8F(0) % e

where F (0) is the vacuum expectation value of ¢2(0).
Defining the Feynman-Green function for (2.1) by

42
[aﬁ +3F(0)

we get by application of G on (2.1) the functional
equation

0 (5@, 45) 7l

[ 6 oy sy 0
_[6i(t) fG(‘ "N<7(‘ ) i)

The parameter x is different for various represen-
tations and will be fixed in chapter III.

However, equation (2.4) is not yet satisfactory,
since the physical solutions of (2.4) do not depend
explicitly on the parameter ¢ i.e. for any arbitrary
value of the parameter ¢ we obtain the same
solutions 14, Therefore, we are allowed to use instead
of (2.4) a suitably chosen linear combination over ¢
for the calculation of J,(j) i.e. a smeared out
equation. As discussed in III the variety of possible
combinations is restricted by general requirements.
1. The linear combination has to maintain the sym-

metry of the resulting equations in all arguments.
2. The linear combined equation has to commute
with P.
3. The linear combination is to be integrable.
4. The linear combination has to maintain formal
Hermiticity of the operator 0.
The condition 4. is of great importance because the
property of formal Hermiticity of the functional
equation (1.8) will probably enable us to prove

n] Gt —t)=0(—1t) (2.3)

2.4)
)dt'] T o(j) =0.
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convergence. In the g-representation it is impossible
to fulfil condition 4 without neglecting condition 1
or 2. Therefore we ignore it here. The most general
smearing out operator satisfying condition 2 reads

S=:[[ie)ysu =0+ 50 50 —]atar. @5)
Applying S to (2.4) we get the equation

[li®rsw = + 555 520 0] 26)

% O(j(t), e ))dtdt To(j) = 0.
To satisfy the conditions 1 and 3 the not yet deter-
mined functions s; (¢) and sz (¢) have to be specified
which will be done in the next chapters. Thus we
shall use the linear combined equation (2.6) instead
of equation (2.4).

3. Functional Representations

For the practical construction of state functionals
we have to expand them into series of suitably
chosen base functionals and to truncate these series.
For this purpose we use the socalled Dyson-base
functionals

Dy(ty...tn) (3.1)

=: Fu(t1...ta) exp[— } [j (&) ) j () A€ do]

with the two-point function
F(ti—t)=:<0|Tq(t1)q(t2)|0>.  (3.2)

These functionals have first been introduced by
Dysox6 and been extensively used in I, IT and III.
We then assume .7 ,(j) to have the expansion

(3.3)
7)) = Z J.‘Pn (f1
n=1

dty .

In order to calculate the expansion coefficients ¢,
we must use the corresponding matrix represen-
tations of the functional equations. Then we can
distinguish between two possible matrix represen-
tations. After substitution of the state functional
expansion (3.3) in the functional equations we
project

1. in the unsymmetrical representation the equa-
tion on the functionals Dk (¢;...t; j) being dual to
base functionals Dy, (t1...t5; 7). These are defined by
the condition

[Dk(t; ... t;§) Da(ts

ctp)Dy(ty... tp:g)dty ...

a3 ) O (3.4)

The other possibility is
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2. the symmetrical representation, where the func-
tional equations are projected on to the original base
functionals instead of the dual set. As the Dyson
functionals are not orthogonal to each other, it is
more advantageous to use in the symmetrical
representation the so-called Hermite functionals
Jn(t1...tn: j) defined in III. They are orthogonal to
each other i.e.

JTmty -t ) T (b1

= 5m,n*n!*f) Z I_I Oty —ty).

ot 1) O] (3.5)

The expansion of .7, (j) in Hermite functionals then
reads

= Z f’?n(tl
n=1

X o (t1

(3.6)

st g)dey ... dt

n3])dy. n Vn
In the symmetrical representation the expansions
(3.3) and (3.6) are equivalent and connected with

each other by a similarity transformation, stated
in III.

It is very impotant, for the condition of station-
arity (1.10) to have the same structure in both re-
presentations, namely in configuration space

d .
g Pl te) = — 0o @t ta) (37)

I Mg

T

and in Fourier space (a tilde denoting Fourier trans-
forms)

3 ainan

These formulae are derived in II and III for the
unsymmetrical and the symmetrical representation.
Using for ¢n(q1...qn) the ansatz

< qn) = 0o Pu(q1-..qn). (3.8)

n

Pu(qr-..qn) =0 (.Zl%: = wg) Yalqr-.-qn)- (3.9)
\i=

with an arbitrary function YN’n (q1 ... gqn) still to

be determined the subsidiary condition (3.8) is auto-
matically fulfilled and thus the centre of gravity is
separated. For n =1 the ansatz (3.9) is always satis-
fied, since we have

p1(t) = T1(t) = 0 q(t)| o) = o€’ (3.10)
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and in Fourier space

P1(p) = co 0(p — wy). (3.11)

The same applies to the #-functions.

In the following chapters we shall investigate the
unsymmetrical Dyson-representation and the sym-
metrical Hermite-representation, which have al-
ready been discussed in general in II for the g-ver-
sion and in III for the p — g¢-version.

II. The Dyson Representation
4. The @-equations

In order to get the unsymmetrical Dyson matrix
representation we formally introduce the set DF (j)
dual to the base functionals D, (j) by

Dk(tl...tk;]‘) =2Fk(t1...tk;j)
X exp[} [(E)F(E—n)jm)dny]. (4.1)

They fulfil formally the relation (3.4) and we then
have
[DE@ty .. ;) To()) 0 = @r(tr... tr) . (4.2)

The F¥(t;...tx;7) are dual to the Fy(t1 ... tn; 7))
defined by (1.5) and satisfy a relation of ortho-
gonality analogous to (3.4). The functional integra-
tion — marked by the symbol §; — is meant here
only formally and is defined by

[Fr(ty...te; ) Fulty ... th: 1)) (4.3)
1 ok )
217,;an(¢1~-%57)|1= 0-

It is easily to be seen that the definition (4.3) only
results in comparison of the same j(¢) power’s co-
efficients. In the Dyson representation we have to
choose the smearing out operator S for the sym-
metrized functional equation (2.6) to be

S=:[j(")o@ —t)ydedr’.

This choice fulfils the conditions 1 and 3 of Chap-
ter 1.2, namely the symmetry of the variables and
the integrability, as is shown in II. Then Eq. (2.6)
reads, already transformed into Fourier space
(Fourier transforms are marked by a tilde).

-qm) =

(4.4)

mem (g - (4.5)

~ 1 dn
G(g5,) f¢m+2 (Qn,—m ] NG, - 9a,) on

|M§

Ai=1

+ Z K (9,93) @m (@ + @3 @ - -

(41, 22)=1

+rm(qr...

s

93,)

qm) (m=1...00)
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with

Tm(q1--- qm) (4.6)

=:> h(g:,) 270 (g1, + 0) Pm—2(gs, --
(21, 22)=1

Q1)

m
+3 Z R (93, 93 920) P2 Qg - - Qs Qi+ Do+ Qs)

(41, A2, 43)=1

+ th (q}.1 93:975 q/14)2756(%h + 95 + 95, + qh)

(21, 22, 23, A4)=1

X Pm-a(qss--- Q1) >
and the definitions 5
h(g) =: —2[F(q) + G (q)]
K (g1, g2) =: — sym G(q1) F (g2) (4.7)
q1,q2
h1(q19293) =: — sym G (q1) F (¢2) F (g3)
q14q2q3
ha(q19293qs) =: — sym G (q1) F (¢2) F (g3) F (¢a)

41929394

where ‘“‘sym’ means symmetrization in all indices
and (4; ... Ax) means the sum over all possible com-
binations of k£ elements ou tof m elements 1ndepently

of their sequence. The functions F( ) and G( ) are
the Fourier transforms of F () and G(t) defined by
(2.3) and (3.2). They are discussed in II and some
features of their analytical structure in App. I. For
the general solution of the system (4.5) we have to
introduce according to II the “‘contracted” func-
tions

-qm-2k)=: P ...P1@m(q1 - qm)
1 ~

= @aF JPml@— L

qk+1...qm_2k)d£1...d£k (k:O,,

with

Pr(qr- - qr| g1 -

qx — &k, &k

2] ws

Since Eq. (4.5) already contains the function ¢,
we have then to derive for the functions ¢F, an
extended system of equations by applying the oper-

Pm = Pm.-

ators Py ... P; (k=0,...,[m/2]) to the original
Eqgs. (4.5). This new system reads in abbreviated
notation
m=1,...,00
Zme(Pu k=0,...,[%] . (49)

The system (4.9) is then truncated in the sense of
the N.T.D.-method 13 at m = N i.e. we put

¢p=0for uy>N;v=0,...,[N/2] (4.10)
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and can then calculate ¢}, for

u=1..N,

[z

In this paper we shall investigate the case N =3
numerically, while in IT the solution procedure has
been demonstrated at the @2 — @4 system explicitly
without having treated the resulting eigenvalue
equation numerically.

5. The N =3 Approximation

a) Systematic solution
In the case of N=3 we have to put ¢, =0 for
m =5, and the truncated Eqs. (4.5) read (identify-
ing @3 with @3)19
- ~ _ d
P+ 6 [Flp—m gL =0, G1)
3(414295) (5.2)

3
= > K(9:,92) 93(q3, + 92| 0.) + 73(919293)

(41, 22)=1

= > K(qiqx) 93(qi + qx|q1) + r3(q19293)
=1

with
r3(919293) (5.3)
3
=:> % h(g)276(qi + qx) P1(q1) + h1(919293) .-
=1

Applying the contraction procedure (4.8) to (5.2)
we get for the contracted function @3(q1|qz) the
equation

#3(q1]g2) [1 — K (q1)] (5.4)

— d
= 2fK (1=, 42) P3(g1+ g2— %, 0) 5 + 73(q1] g2)-

Thus we have to solve the system {g;, @3, g3} for
N =3. The Egs. (5.1), (5.2) and (5.4) represent in
this case the symbolical Egs. (4.9). As we are only
interested in the calculation of eigenvalues we can
omit Eq. (5.2) for g3. We now define

7(@) =:[1— K (@] (s.20)

and get the following equations necessarily to be
fulfilled

g1@) = —G(q) [p3(n|g — /2=, (5.6)

19 The contracted function @3(p1|p2) corresponds in con-
figurational space to the gs-function with two time co-
ordinates put equal i.e. @3(t1¢122)

20 K (p) is defined analogous to @3(p1|p2) namely
= d
R = [Ko-t845-

(5.5)
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®3(q1]92) = 7 (q1) [F3(q1| g2) (5.7)
.3 2_[K(°( — q2, q2) p3(x, q1 + q2 — o) do/2 7).
Eq. (5.7) is an integral equation for g3 (g1 | g2) which
can be brought into the standard form of an inte-
gral equation for @3(#n|g— n) by the substitution

n=:1: @=49—n a+tq=q, (58
#alrlg— ) =) Fallg— )
+2[K@—g—n.a—gslg—a) 4.

The solution of (5.9) is

693(n|q—n)=y(n)[fa(nlq—n) (5.10)

d
+ [Rig—n50) Fsla|g — @) 5o

with the resolvent R(q — %; «) belonging to the
kernel

Mg—m;e)=:2y (@) K@—(g—mn),q—mn). (5.11)
The integral Eq. (5.9) and the construction of the
resolvent R will be discussed in App. II for the

approximated functions F and G of App. 1. Here
the formal existence may be assumed. Inserting now
(5.10) in (5.6) we have with the definition

RUgsm) =y () + [R@— i m) (@) 5 (512)

the equation
= s . d
@)= — 6@ [Fsly]g—m BN i ) 4 . (5.13)

Calculating 73(¢1 | g2) from (5.3) and using the centre
of gravity condition (3.11) we finally obtain after
g-integration the eigenvalue equation:

3F(0) — w? +%AR1(w;0) (5.14)

2 d
+[ 500 + B — nin| R @io—n gt =0
with the definition

A ::fh(&)%: — 2[F(0) +iG(0)]. (5.15)

b) Linear combination of ¢; and g3

Observing the definition (4.7) of k; the original
Eq. (5.2) may be written also

3
#3(919293) = > {K (qiqx) % (9 + qx: @)

=1

+ Yh(q)270(qi + qx) p1(q)}  (5.16)
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with the definition

2(q1: g2) =1 93(q1]q2) + F(g2) 91(q1 + g2) (5.17)
reading in configurational space

X(tl§ t2) = (p3(t1t1t2) + F(tp — t2) (pl(tl) . (5.18)

This combination has been used by Dtrr and Wag-
NERS3 in nonlinear spinor theory and seems to be
more advantageous than the original formulation.
Thus we shall use a linear combination of @3 and
@1, by which the solution of the original problem
will not be altered.

From (5.16) we get in the same way as before the
same integral Eq. (5.9) for y as for ps with the
modified inhomogeneous part

7 m|q — ) | (5.19)
=1[A4-278(n) —4iGg—n)—F@—n)]gi(q).

This means that the solution can be constructed by
the same resolvent R as in (5.16):

2mig—m)=ym) [fé”(n lg—mn) (5.20)

- d
+ [Rig—n50) 7Pl — ) 5 |-
Inserting (5.20) together with (5.17) in (5.6) we get

analogously as before:

2F(0)—-w2+%ARl(w;0) (5.21)

1 o s d
—y [ 4G + P R0 — ) 5 = 0.
c) Iterated eigenvalue equation

As the integral equations for @3 resp. y cannot
be solved exactly and approximations have to be
made we shall use for our calculations an iterated
one instead of the system (5.6) and (5.7). From the
rearranged Eq. (5.16) we then obtain the very simple
expression

- d
f Ps(n|qg—n) 50 (5.22)
- = do
—4-G1(g) +3 [R@) 14— ) -

This inserted in (5.6) results in the new iterated
equation (5.23)
& = ~ d

PG + A1 +3 [ R Fasg— ) 5 =0
Now, with the solution (5.20) of the integral eqau-
tion for 7 we get from (5.23) the eigenvalue equation
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for @ which we shall investigate numerically

3F(0) — w? + A[1 + R2(w; 0)] (524)
— [Fn) + 416 ) B2 (@5 0 — ) 52 =0
with the definition
R2(w; n) =2y () R (n) (5.25)
_ d&
+ [7©RE R — &),

This equation differs slightly from (5.21) although
it already incorporates one additional iteration step.

6. Approximated Solutions

a) The singular functions f‘app(p) and C:'app(p)

For further investigations we use the approxi-
mated two-point function i’app(p) and Green’s
function éapp(p) defined in II App. V which read

(6.1)
(6.2)

Fapp(p) = if(p)
é,,p,,(p) =:—g(p)

=:i[p? — o} + i),
=:—[p2—a2+ i)l

with a2 = 3/2 w; and where the small imaginary part
indicates Feynman integration. In the approximate
version (6.1) we have to consider w; as a parameter
which still has to be determined. There are two
possibilities to fix the parameter w;. Either we take
it from other, already known calculations, as

o) the simplest approximation of the system for
vacuum expectation values,
p) a simpler problem, already known, — here the
harmonic oscillator —
y) the exact value given by SCHRODINGER theory 10,
Or we calculate ; selfconsistently from the
various eigenvalue equations by fixing w; in such
a way, that it coincides with the lowest eigenvalue
obtained. The second possibility is the most appro-
priate one, since in this case only the eigenvalues
are calculated without any further information.
Moreover we have then the full analogy to calcula-
tions in nonlinear spinor theory. Both possibilities
will be compared in our calculations. In the first
case, we have the following w;-values:

o) 1.1447, f) 1.0000, v) 1.0871.

b) The eigenvalue Eq. (5.24)

With these approximated singular functions we
get at once according to (I.4)

K(p)=

(6.3)

a+w1
a- wy

[p2 — (@ + w1)2 4+ 1€]71 (6.4)
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and from (5.5) we get
p2 (@ + w1)?
‘}’(p) = — }’2 + 1/18
. ata (69
with y2=:(a+ w1)®+ el
Definition (5.15) now becomes
4 = (01 — a)f(w1 - a) (6.6)

and using (5.25) as well as the auxiliary formula
(1.3) the approximated eigenvalue Eq. (5.24) has the
structure:

w12 — a2 a-wy

2 Tty @~
42 (“j/?) [0 — (a + y)2] (6.7)
— D [ (g AN (30)

+ ymr [ 90D — FNN (@3 0 — )y
— W(w, wl) =0
with the definition

(&5 m) dé
N(w;n) = f[(E—wz—y2+1£] 2q "
Now, according to App. II we represent the resol-
vent R(w —&; n) of the integral Eq. (5.8) by a Neu-
mann-series, the first term of which we will then
use. Thus, we replace R by the kernel (5.11) itself
and (6.8) reads

N (w;n)

(6.8)

(6.9)

@98 + 9@ /0 =81 4,

[(§ — @) — 2+ ig]
The calculation of (6.9) is carried out by closing the
integration contour into the negative imaginary
half plane and using the residual theorem. This is
done in App. I. The eigenvalue equation in this ap-
proximation is then also given there because the
expressions get somewhat lengthy. We get W(w; w1)
to be a meromorphic function of w and w;.

=2y(n )27”

Other approximation possibilities will not be con-
sidered, i.e. especially a systematic investigation of
the first terms of the Neumann series.

¢) Simple approximations
«) N=1.
The most simple approximation is for N = 1.
Then we put @3(g192¢3) =0 and get at once from
(5.16)

Gol(w)=a2— w2 =0.

(6.10)
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This gives because of a2 = 3/2w; the selfconsistent
eigenvalue 21

®=w = ]/% ~ 1.1447.

This cigenvalue was already obtained by HEISEN-
BERG 7 and KA1sER? from the lowest one-time ap-
proximations. Moreover we get this value in the
simplest approximation of the twopoint function
F (t; —t3). It is remarkable that, at this value, we
have g (p) = f(p) because of w1 =a, i.e. the approx-
imated Green’s function and twopoint function are
identical. By this, Eq. (5.2) becomes much simpler,
because additionally we have & (q) =0.

(6.11)

f) Lowest N =3 approximation

In the simplest approximation we consider only
g1-contributions to determine f((pl; p2). Thus we
put in (5.17) g3 =0 and use in Eq. (5.23)

(6.12)
(6.13)
[A+a2_p2+3é%—flf(oc)f(p—a) do| @1(p) =0

Using (6.4) and (I.3) we have
— o) dot

27!1, fK
a+2w1)

=y

2a wy

%0(p1; p2) =: F (p2) @1(p1 + pe)
with the result according to (6.1) and (6.2)

(6.14)
2 (@t 2012 + i
and with (3.11) Eq. (6.13) results after p-integration
in the eigenvalue equation
Wo(w; w1) = A + a? — w?
43 (@ +2w1) [? —

2a w2

(6.15)
(@+2w1)%1=0.

III. The Hermitean Representation

7. The p-equations

Now we consider the other possibility, namely to
represent 7 ,(j) by Hermite base functionals

Jn(ty...tns 7).

Again we start with the Dyson expansion (3.3). How-
ever, for the evaluation of the symmetrical matrix
elements it is necessary to perform genuine func-
tional integration between different base functionals
(3.1). This is done by a transformation of the base

21 We shall get the same result, if we put in (5.23)
%(p1; p2) = 0.
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functionals into the standard form by changing the
source functions j (). Substituting the transforma-
tion
= [K(t—t)h(t')d (7.1)
in (3.1) and (3.3), where K (t —t') is defined by
[Ktr—t)F(t —t')K(t — tz)dedr’

=10(t1 —t2) (7.2)
we obtain the expansion
- (7.3)
= 3 [t dalEr. Esh)dEr . dE
with the standard Dyson functionals
dp(ty...tn; h) (7.4)
::%h(tl)... h(tn) exp{ fhz df}
and
At ...ta) (7.5)
=: [K(t1i—&1) ... K (tn—En) @u(£1 ... En)dE1 ... dEn.

By transformation of (7.2) into Fourier space, we
can determine K (f; — tg) to

f K(p
i(ti—t2)
= emf

But we shall see later, that all K ({; —¢2) can be
eliminated in the final equations.

Kt —t) = e=it=t? gp =

(7.6)

Having transformed the state functionals we have
to do the same procedure with the functional oper-
ators. Therefore we use the relation, resulting from

(1.1)
zw) f il

and choose the smearing out operator § of (2.5) to
be

P NS ,
X s(t' — t)ydedtde’

— ) 3g )dt’ (7.7)

(7.8)

where s(t —t’) is a still undefined function which is
chosen only for practical aspects of integrability.
Then the functional Eq. (2.6) reads

—fA+ ( o ,S)dfﬁ'g(h):O (7.9)

with the “‘creation™ operator A+ defined by

A+(t) =: Lh(t) — 6/0h(t) (7.10)
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and

0 (1 5 ;5)=:fs<s—t)0(f1< t — m)h(p)d,
-fK-l dn)dt (7.11)

It must be noted, that the Wick ordering is different

77) 6h(
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By this the undefined factor » in the Green’s func-
tion (2.3) is given by

1 Dyson unsymmetrical

%= (7.12)

1 Hermitean symmetrical.

Instead of the standard Dyson functionals

in the unsymmetrical Dyson- and the symmetrical
Hermite representation, because it is characterized
in functional notation by the corresponding ex-
ponential functionals18P

exp[— 3 [§(£)F (& — n)j(y)dEdy] resp.

dp(ty...tns b),

which are not orthogonal in respect of Hilbert space
integration, we now use orthogonal Hermite func-
tionals Jp (81 ... tp; k) defined in IIT which satisfy
(3.5). With the help of the representation of the

exp[— }fhz (&)dé&]. unit operator in functional space
O(h, k) ZIlJn ctasR)Y Tty oot B)| Aty .. At (7.13)
the matrix representation of the functional Eq. (7.9) now reads
A S _
— Taltr o t0)] [ A7 @0 (5 38) dg| To )y Vhi = (7.14)
oo k m
l}/m f(Jk( ) [ATE) | Im (@1 m)) fm (@1 2w §)dEdrr . dom = D fm-1(tsy .- b5 82) =0
m=1 H=1
; [& 8 ‘ —
with fm(@r...2m; &) =: {Im(21 -~xm)j0(k,ﬁ ;§)¥Fg(h)> ym!. (7.15)
Thus the operator S in (7.8) is shown to symmetrize the individual equations fu (21 ... 2m; &) = 0. By

means of the recurrence relations for the operators 2 and 6/6h we can calculate the matrix elements
(7.15) analogously as in IIT and get — already transformed in Fourier space —

~

fe(p1-.. prs ) =3(p) G P)‘ f9k+3 (p—&lép1...pr) < 2,,

- -i— 112:11':(1%) k+1(P + P | Py - P2) + 7 B*(p) 0k+1(P1 -+ Pi; P) (1.16)
+(23 ;kZ) f:(m)f(?zz) 0k—-1(Pas - - - Pay5 Pas + Pas + P) +A ilB‘(p)f’(p)%é(p + p2,) 0k-1(Ps, - - - Pa)
n; 61 Ef)i’fph)f(paz)ﬁ(m)2n5 (P + P, + Pas + P2;) 03 (Ps, - - P,)
with the definition B*(p)=:G-1(p) £ § F1(p) (7.17)
and the transformed expansion functions
B1(p1-.. o) = K(p1) ... K(p) iy (pr... )i (7.18)

The contracted functions are defined as in (4.8). From (7.16) a most appropriate smearing out function
s(p) can easily be derived namely

§(p)=:G1(p)2 B+ (p)1.

Then we get after symmetrization the most favourable diagonal term k - o (p1...
3 (p) differing from (7.19) would result in a diagonal term of the kind

(7.19)

Ppr) whereas every

k
[% > 5(py) B (PJ)] ok(P1-.. Pk).

i=1
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With this special §(p) the final symmetrized equation system has the same structure as in the
Dyson representation (4.5). They only differ in the coefficient functions. The general form of the equa-

tion system for both representations is

k- ok (p1.. z ho ph)f@k+1 (P2, —&|Eps, - PA,) ‘|" 3 Z K (pyr,ps,) 0k (Pa, + Pay| Psy - -- P2,
=1 (21, lz) 1
+3 Z By (P2, Pry Prs) Ok—2 (D, - - P’ Py + Pay + P2) + z h(ps) 270 (ps, + P2,) 0k—2(Psy - - P2)
(21,723, 43)=1 (A1, A2)=1
. ~ (7.20)
+ Z ha (D3, D1y P25 P1) 270 (D1, + P2, + P, + Pa) Ok—4(Day - - Pa) -
(21, 22, 23, Aa)=1
The coefficient functions are defined by
Hermite Dyson representation
ho(p) t B(p) G'(p)
i l = ko ’
h(p) 2|G-1(p)— F1(p)|B(p) F(p) —2 Fp) + G< )
K(p1, p2) }sym F(p1) B(p2) symF(pl)G (p2)
P1, P2 D1, P2
h1(p1p2 ps) $sym F (p1) F (p2) B(ps) sym F (p1) F (p2) &' (ps) (7.21)
P1,P2, D3 P1, P2, D3
ha(p1pepspa) sym F(p1) F(p2) F(ps) B(pa) sym F (p1) F (p2) F (p3) &' (pa)
P1,P2,P3, Pa P1,DP2,P3,P4
~ 1 ~ ~’ ~ .

B(p)=:2|G-1(p) +; F(p)? G(p)=:—G(p) =1 —x3F(0) +ie] L.
Thus, disregarding numerical factors, the only difference between both representations is the sub-

stitution of ¢ (p) by B(p) with the exception of % (p). Therefore the integration procedure of chapter 4 is
also valid for both of them. For identification we mark the Hermitean coefficient functions by an index H.

8. The N = 3 Approximation

a) Thelinear combined,iterated eigenvalue
equation

Truncating the system (7.20) for N =3 i.e.
putting ox =0 for £ > 3 we get analogously to
equations (5.1)—(5.3) in the Dyson case

2@ =5 B@ [@0la—n )2n

03(919293)

(8.1)
(8.2)

3
= > Ku(giqx) 03(¢i + qx| 1) + 735 (9192 93)
=1
with

3
5 (q19293) =: > Y hu(9:) 276 (g + qx) 01(q)
el

+ ' (q19298) 01(q1+ g2+ q3)  (8.3)

and
03(q1]92) . (8.4)
= dhlar] @) = 55 [ oslar — &£ a0 dE.

Like in the Dyson case we use the iterated, linearly
combined eigenvalue equation for numerical cal-
culations. All calculational steps run completely
analogous to those in Sect. 5, and the resulting
eigenvalue equations show the same structure.
Therefore the other possibilities will not be dis-
cussed here once more. Again we introduce a
linearly combined function
ZH(q1592) =:03(q1|g2) + 2 F (g2) 01(g1 + ¢2)  (8.5)
and Eq. (8.1) iterated once with (8.2) reads then
analogous to (5.23)
01(9) [4m — 8 B1()] (8.6)
+3 [Bu(®) zu¢:q— &) dé2a=0
with the definition
Ag =: th (§)d&/27 . (8.7)

The integral equation for ym(q:1; ¢2) derived from
(8.2) has the same structure as (5.9):

xEM; g —n)=yam) [Wa(n:q—n) (8.8)
+2[Kulg—n&—(g—n) yu;q— & dé/2a]
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with
Wan;q—mn) (8.9)
=:[34u-270(n) + thalg—n) +2F (g —n)]o1(9)

and

ya(n) =:[1 — Ka(n)]. (8.10)
The solution of (8.8) is analogous to (5.20)

xam: g —n) =yalm) [Wal, g — )
+ fRH(q —n;8) Wu(é, q— &) d&/2a] (8.11)

with the resolvent Ru(q — 7; &) belonging to the
kernel (8.12)

Myu(g—n:8) =:2ya() Kalg—n,& — (@—7))

Inserting (8.11) and (8.9) in (8.6) we get, because of
01(p) =co* 0(p — w) after p-integration the final
eigenvalue equation

Ga'(@) + + F1(0) + 4 Anll + Ri(w:0)] g13)
+5 [[3m© +F@| Rawio -5, =0
with the definition
R (w; &) =: yu (&) Ku(é) (8.14)
+ [yt Rutn) Re( — ;6 5.
b) The approximated solution of Eq. (8.13)

Using again the approximative functions If~’app (p)

and éapp(p) but now with a2 = 3/4w; we have
from (7.21)

B(q)=:b(q)=[q2— b2+ i¢e]?
b =} (a2 + of)
and because of (I.4)

- b .
Ku(p) = f;—wa? P> — (b+ w1)2 + ie]1. (8.16)

(8.15)
with

Then (8.10) becomes

_ pP—(b+ m)?
va(P) = "m s i

(8.17)
b
with yh=:04 012+ f(%cg’—lﬁ .
Furthermore because of
h = — 2i[w? — a?]b
H(p) ‘ i[w; — a?]b(p) f(p) (8.18)
=41[b(p) — f(p)]
(8.7) reads
- 2(1‘;’};”’ (8.19)
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and (8.14) becomes
Ry (w:§) = O 5o

“dban (8.20)

oY S Y -
& —yr%+ e [(n— w)?—yr2+ie] 27"
Now the approximative eigenvalue Eq. (8.13) can
be written

8b 2 2
G toy @00+ a0l
b
+ (?ﬁ-{:tb') [0? — (yr + b)?]1 (8.21)
OO eyt 0yl o+ An Va(30)
== 1
+var PO — 4 10 ¥uos 0 — g g

= Wn (w;w1) =0
with the definition analogue to (6.8)
1 Bu(n; &)

27 ) [n— w2 —yu2+ie] 71

(8.22)

NH(w;§)=:2-

Replacing again as in the Dyson case the resolvent
Ru(w — n; &) of integral equation (8.8) by the
first term of its Neumann series i.e. by the kernel
(8.12) we have
NP (w3 8) (8.23)
(=) [ —n) + b)) f(§—n)] d

ED [n—wp+yu2+ie
The investigation of (8.23) and the resulting eigen-
value Eq. (8.21) is given again in App. I.

= yu(§)

¢) Other simple approximations
) N=1.

We now consider the same possibilities as in
section 6.c of the Dyson representation. Therefore
we put in Eq. (8.1) p3(p1|p2) = 0 and get

b l(w) =w2—02=0.

Because of b2 = 1 (w? + a2) and a2 = 3/4w; this
yields the selfconsistent eigenvalue 22

w=w1=l/§m0.9085.

This value was already obtained by Maison16
in the nonsymmetrized ¢-case and in III for the
symmetrized p-g-case. For this special value we
have w; = a = b and therefore g (p) = f(p) = b(p)
i.e. the coefficient functions (7.21) and Eq. (8.2)
become much simpler

(8.24)

(8.25)

22 One obtains the same result if we put in (8.6)
zu(p1; P2) = 0.
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p) Lowest N = 3 approximation

Again we only use g;-contributions for yu(p1; p2)
and put thus g3 = 0. Then yg reads

2%(p1ip2) =2F (p2) G1(p1 + p2)  (8.26)

and we get from (8.6) with (8.15)

o1(p) (8.27)
x[Asct802—p2) 16 ) (10— Ru@ ag)|=o0.

This results in the eigenvalue equation

Wh(w; w1) = Ag + 8(b2 — w?2) (8.28)
3 2
1 ;rwlwl [@2— (b +2w1)?]"1=0.

IV. Other Possibilities

9. The system of nonsymmetrized equations

Instead of smearing out or combining linearly the
original functional Eq. (2.4) with the operator S of

| | = 1
D™ty ... tg—1tgs1---tm+1) }O(j(tk), %) fg(f))‘/m! -0 (m ., :’:+ )

respectively in the Hermite case

JIm(ty

| ) ‘ -
..tk_ltk+1...tm+1)‘0 (h, 5 ;tk)\fg(h)ﬂ/m! =0.

W.SCHULER

(2.5) one can naturally investigate it directly, too.
Then, as well, the solutions may not depend on the
arbitrary parameter t. We have to take into con-
sideration that the expansion functionals

Dy(ty...tn;7) Tesp. Ju(ti...tn;9)

for the solution functional .7 ,(j) are symmetrical
in all variables, wherefrom the symmetry of the
expansion functions @ (f1 ... t,) resp. na(ty ... tn)
and gy (1 ... tn) can be seen by (3.3) and (3.6). This
means the symmetry of the expansion functions ¢,
and g, in all variables represents an essential sub-
sidiary condition to the functional Eq. (2.4). By the
application of the operator S this condition has been
automatically fulfilled as can be recognized from
the structure of (7.20). To satisfy this condition
without linear combination we have to investigate
the system of matrix representations in the Dyson

case
k=1...
(9.1)

k=1...m+1
woam™) 2

Both equation systems have the same structure and read analogous to chapter IT and III in Fourier space

0k (P1--- Pr) = ho(pys,) f k+2 (P2, — EE s, - - Pa) ;% + 3121 K% (p1,P15) 0k (Ps, + P2, | Pay -+ P2) 9.3)
+(§3 lﬁ) 751‘(?11 Dis P1;) 0k—2(Pa, -+ Do Pay + P2, + P1,) +; il B (py,) 270 (ps, + P1,) Ok—2(Ps, - - - P
- Zk B3 (D1, D2 D1y P2) 2700 (D3, + Di, + Pi + D2) 0k-a(Dss .- D2,) (il ~ 1 e )
(32, %3, 20)=1 =1,...,00
with the coefficient functions:
Hermite Dyson
ho(p) 1 B(p) & (p) (9.4)
i (p) o) - | B Fe) — [Fo) + 16 )
Ku(p, p1) YB() F(pr) G (p) F(p)
Ki(ppipe) 3B F(p) F(pa)-2 & (p) F(p1) F(p2) -2
R (pp1peps)  B(p)F(p1) F(pa) F(ps)- 6 @ (p) F(p1) F(p2) F (p3) - 6

B(p) and é’(p) are given by (7.21). One easily recognizes that the Eq. (7.20) can be obtained from
(9.3) by summation over 4; i.e. the analytical structure has remained the same.

As in nonlinear spinor theory Eq. (9.3) is always used because of simplicity, we shall investigate for
comparison the lowest approximations in the Dyson representation.
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10. N = 3 approximation
The truncated equation system (9.3) for the ¢, and @s-functions reads (g3 = ¢3!)
hup) = — G [Ga(p—£]O) 5., (10.1)
@3(p1p2ps) = 35 ng“(Pi Pr) 93(pi + P | ) +y_§kh“ (p1) 2720 (Pi + pr) 1(py) (10.2)
+3hy(P1p2p3) gr(p1 + P2+ p3)  ((=1,2,3).

Like in the preceding chapters we introduce again the linear combined function y(p1;p2) given by
(6.17) and get from Eq. (10.2)

@3(p1p2ps) = > {3K“(pipk) x(Pi + Pr: 1) + hu(pi) 270 (pi + px) g1 (p))}  (1=1,2,3). (10.3)

i*ik
The application of the contraction operation (4.8) on the system (10.2) yields two different integral
equations for the function f((pl; Pp2)

2(p1; p2) [1 — 3 Kv(p1)] (10.4)
:3fK“(5—Pz,Pz)i(§§P1+P2—5)%+ %‘A2ﬂ5(1’1)+%‘é(Pz)]&h(Pl+P2)
for 2 =1,2,
- - e~ ~ s
x(pl;pz)=6fK“(pz;§—pz)x(£;p1+pz—E)g—[F(pz)+21G(p2)]<p1(p1+pz) (10.5)

for ¢+ =3.
By adding Eq. (10.4) once and Eq. (10.3) twice which has been multiplied by 1 we obtain the
symmetrized equation of Sect. 5. Defining
y1(p) =:[1 — 3R (p)]1 (10.6)

and substituting p;4-p2=:q; p1=7; p2=q—n the integral Eqs. (10.3) and (10.4) become — the
structure is already wellknown from (5.9) and (8.8) —

105a—m =y [Wilsg— ) +3 [ Kv¢ —@—n)a—miEa— 4] (107
7019 —m) = Walg—m) +6 [ Kog—nE— (g —m)7E:q—&) 5o (108)
with the inhomogeneous parts
Wi(niq —n) =:[3 A270(n) + 1/iG (g — 7)) §1(0), (10.9)
Walg —n) =: — [F(q — ) + 2iG(g — )] §1(q) - (10.10)

A simultaneous solution of both Egs. (10.7) and (10.8) can hardly be found. Therefore we may
suggest, to treat both equations separately, as has always been done in nonlinear spinor theory3. Then
we have two different solutions 71, 2 and consequently two different eigenvalue equations where we
can compare both possibilities by the resulting eigenvalues. The formal solutions of (10.7) and (10.8) are

1msg—mn) =y1(m) [(Wi(n;q—n) + [Ri(qg — n; &) Wi(&;q — &) d€/2n] (10.11)
22(msq—m) = Walg —n) + [Ra(q — n;€) Walg — &) dE/2n (10.12)

with the resolvents R;(¢ — 7; &) and Rz (q — 7; &) belonging to the integral equation kernels
Mi(g—n:8) =:3nE K E—(g—n).q—mn), (10.13)

Mz(q —n;86)=:6Ku(g—n;6—(g—)). (10.14)
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We use again the iterated form of Eq. (10.1) given as well by (5.23) and get the final eigenvalue equations

34 +3F0) — 02+ 5 ARN;0)+ 5o [ G0 — 8 Ri(:§)dg =0, (10.15)
FIA+3F0) — 02— 5 [[Flo—8&+2i6(— ) Ri(w;§de =0 (10.16)

with the definitions
Ri(w; &) =:K(§) £)+ [R(m)y1(n) Ri(w — n: &) dn/27, (10.17)
Ri(w: &) = R(€) + fK ) Ba(w — ;&) dnj27. (10.15)

a) The approximate solutions of (10.15) and (10.16)
With the approximated functions F app (p) and ] app (p) we have because of (9.4), (4.10) and (6.4)

1
Ru(p) = ’Q‘K(p)=’(a’2::£)lll 2 _ (@ + )2+ iel! (10.19)
and (10.6) becomes
2
yip = 20T OT with i=(a+ o0+ y LT (10.20)

We approximize again the resolvents R; and Ry by its kernels (10.13) and (10.14) and thus get the
final equations
1 a-o 1 (@ + 1)

3 g & ot —af)— ? A+ 54, [ —(@+7)? (10.21)
;,,,fg £) N (@; §) d& = Wy (o 1) = 0,
(4t a — 0?) + “"T‘w—tf—) [02 — (01 + 2211 — 50 2 [0 — (@ + 20072
+gmr [ 2900 =8 — [0 — ) N (@;§) dE =Wo(@; o) =0 (1022)
with the definitions
NP (w;8) =:3y1(6 271,[[(77-“(2)2_—5);1(‘77 i dn (10.23)

gmfn— &)

(1)
N (@;6) = 27” [[(n—w a—}—wlz—l—ze]dn

(10.24)
The evaluation of these formulae and of the eigenvalue equations themselves are given in detail in App. I.

b) Special linear combination

For the calculation of the first eigenvalue wio a special linear combination of the equation system
(10.2) is of special interest. Therefore we form the combinations 142 — 3, and the cyclical permutations
of them, of the corresponding Eqs. (10.2) with index ¢ = 1,2, 3 and get

@3 (p1p2 P3) = 3 K (pi pr) 7 (pi + pr; 27) + 3 D Ka (0 py) % (Pi + pss Pr) + ko (06) 270 0 (pi + pi) @1 (py) (10.25)

e
(G=123)
with the definitions
Ka(p1p2) = K¥(p1p2) — K¥(p2p1), K(p1p2) = K¥(p1p2) + K (p2p1) - (10.26)
Application of the contraction operation then yields the integral equations (10.27)

7(p1;p2) [1 — 3K (p1)] =6 [ Ka(€ — po; pe) 7(E: p1+ p2 — &) dE2 + [A - 2728 (p1) + F (p2)] §1(p1 + P2)
for j =3,

%(p1:p2) =6 [ KU (p2; & — p2) 7 (&5 p1+ po — &) dE[27w — [F (p2) + 20 G (p2)] g1 (p1+ p2)  (10.28)
for j=1,2.
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Equation (10.28) is identical with integral Eq. (10.4) obtained from the original Eq. (10.2), while
(10.27) differs mainly from (10.3) in the kernel of the integral equation. Defining

y2(p) =:[1 — 3K (p)]!

Eq. (10.27) becomes

(10.29)

% (P1; p2) = y2(P1) {6 [ Ka(& — p2: p2) x (&; p1 + p2—&) A2+ [A 276 (p1) +F (p2)] @1(p1+p2)} . (10.30)

Now K, (p1 p2) vanishes for f(p) = g(p) identically.
This means that in the lowest approximation (6.11)
we can neglect the kernel K, and get
% (p1; p2) i (10.31)
= 72(p1) [A278(p1) + F (p2)] ¢1(p1+ p2)-
Using the approximated functions f(p) and g(p)
Eq. (10.29) becomes with (6.4)

P2 — (@ + w1)?
P2 — p2®+ i

y2(p) =

a+ oy (10.32)

a-w

with B=:(a+ w)2+3

and (10.31) substituted in the iterated Eq. (5.23)
leads to

l .
W3(w; w1) = 3 (;_i_%l)’ (4 + a2 — 0?] (10.33)
A
A B e r =,

V. Calculations and Results
a) Zero points

The approximated eigenvalue equations of the
preceding chapters have been investigated numeri-
cally on the CDC 3200 computer of the University
of Tibingen. In detail the following equations have
been treated:

1. Dyson representation

W (w; w1) =0 according to (6.7) symmetrized,
general equation

Wo(w; w1) = 0 according to (6.15) symmetrized,
lowest approximation

Wi(w; w1) = 0 according to (10.21) not symme-
trized, twofold weight

Wa(w; w1) = 0 according to (10.22) not symmetri-
zed, single weight

Ws(w; w1) = 0 according to (10.33) not symmetri-
zed, special linear combination,
lowest approximation

2. Hermite representation

Wa(w; w1) = 0 according to (8.21)
symmetrized, general equation

W (w; w1) = 0 according to (8.28) symmetrized,
lowest approximation.

In structure, all these equations are linear combi-
nations of meromorphic functions of the variable w,
the poles and coefficients of which are still depending
on the parameter ;. This feature mainly character-
izes the fact that the obtained integral equations
have been solved by the iterative solution of a
Neumann series, as discussed in app. II.

Equation w1 21 22 23

Dyson 1.0000 0.9491 3.2886
Wo 1.0871 0.9790 3.4011
1.1447 0.9962 3.4801

Wy 0.9086 1.1240 3.6470 4.0909
1.0000 1.1010 3.7298 4.0537

1.0871 1.0840 3.8060 4.0485

1.1447 1.0748 3.8472 4.0667

Wo 0.9086 1.1511 3.7602
1.0000 1.1451 3.7204

1.0871 1.1377 3.6891

1.1447 1.1325 3.1944 3.6620

W3 0.9086 1.1192 4.1700
1.0000 1.0947 4.2500

1.0871 1.0767 4.3381

1.1447 1.0672 4.4020

w 0.9086 1.1280 3.7793 4.0026
1.0000 1.1077 3.7490 3.9617

1.0871 1.0924 3.7589 3.9411

1.1447 1.0840 3.6521 3.9369

Hermite  0.9086 0.8799 2.7351
W 1.0000 0.9243 2.9419
1.0871 0.9672 3.1462

1.1447 0.9962 3.2845

Wa 0.9086 0.8903 2.8279 2.9196
1.0000 0.9280 2.9676 3.0248

1.0871 0.9674 3.1112 3.1637

1.1447 0.9951 3.2118 3.2592

Table 1. Zero points z; of the equations
Wo(w; w1) =0, ..., Wg(w; w1) =0

for the parameter values w;.
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The zero points z; (w1) of the various eigenvalue
equations have been determined in the w-interval
[0.5, 6.0] with an accuracy of 10-7 as function of the
parameter w;. The value of the parameter w; itself
runs trough the interval [0.7, 1.3] with interval steps
of 0.02. As discussed in Chapter 6.A the following
fixed w;-values are of special interest

0.9085 Hermite N =1 approx. (8.25)

w1 = 1.0000 harmonic oscillator
1.0871 exact value with Schrodinger theory
1.1447 Dyson N =1 approx. (6.11).

For them we get zero points arranged in Table 1.

b) Identification of zero points
with physical eigenvalues

We expect only to get the physical eigenvalues
w10 and wgp; and it is the question which zero point
has to be identified with them, because with each
higher iterative approximation of the corresponding
integral equations we get more physically irrelevant
zero points as the degree of the resulting algebraic
equations increases. We use therefore some prin-
ciples which should be satisfied.

1. Identification of the lowest positiv zero point
z1 with the lowest physical eigenvalue w19 as long
as this does not contradict conditions 2 and 3.

2. Maximal consistence against variation of the
parameter w; i.e. such zero points are of no im-
portance which vary too much as function of w;
or which even disappear or appear. This condition
is a consequence of the invariance of the physical
eigenvalues against the choice of different base
functionals.

3. Consistence against the various equations i.e.
only such solutions of the individual equations are
acceptable which satisfy approximatively the orig-
inal equation system as discussed in Chapter IV.
This means that only such zero points are of interest
which show nearly the same value in all equations
and in the neighbourhood of which corresponding
equations show a similar functional behaviour as
functions of the variable w in fixed parameter w;.

With the aid of these criteria we can identify the
zero points of Table 1 in the following way: z; = w10
z3 = w3o. The quantity z3 has to be rejected namely
in detail because of

equation w1

We W Wx

rejection condition 2 2 3 3

W.SCHULER

c) The selfconsistent eigenvalue Q59
This value is determined by the condition

21(w1) = w1

and it is thus obtained in full analogy to calculations
in nonlinear spinor theory as we have there no in-
formation about the parameter w; (exept values
obtained in lower approximations).

d) Results

With this the calculated eigenvalues wjo(w;),
30 (w1) and the selfconsistent values 219 can finally
be given in Table 2 and 3. In addition also those
values are given, which we can get by arithmetic
averaging of the values obtained from Eqs. W; and
Ws. They agree quite well to those obtained from
Eq. W which has already been averaged before.
Furthermore the relative deviations 419 and Agzg
from the corresponding exact value are stated at
the selfconsistent eigenvalue £2;9. From the follow-

w1 0.9086 1.0000 1.0871 1.1447 250 4o
(%]
Dyson .
Wo 0.9491 0.9790 0.9962 0.9128 4-16.1
W1 1.1240 1.1010 1.0840 1.0748 1.0844 — 0.3
Wo 1.1511 1.1451 1.1377 1.1325 1.1335 4 4.2
Ws 1.1192 1.0947 1.0767 1.0672 1.0783 — 0.8
w 1.1280 1.1077 1.0924 1.0840 1.0917 + 0.4
(2 W1+ Ws) 1.1330 1.1157 1.1016 1.9040 1.1008 + 1.3
Hermite
Wi 0.8799 0.9243 0.9672 0.9962 0.8527 —21.6
Wa 0.8903 0.9280 0.9674 0.9951 0.8791 —19.2

Table 2. Eigenvalue wjo. Exact value E;¢9 = 1.0871;
A10=: (£210 — E10)/E10-

w1 0.9086 1.0000 1.0871 1.1447 250 A3
[%]

Dyson

Wo 3.2886 3.4011 3.4801 3.1861 —24.1

W1 4.0909 4.0537 4.0485 4.0667 4.0482 — 3.6

Wa 3.7602 3.7204 3.6891 3.6620 3.6687 —12.6

W3 4.1700 4.2500 4.3381 4.4020 4.3287 + 3.1

w 4.0026 3.9617 3.9411 3.9369 3.9405 — 6.2
Y2 Wi+ Wo) 3.9817 3.9759 3.9287 3.9318 3.9217 — 6.7
Hermite

Wi 2.7351 2.9419 3.1462 3.2845 2.6136 —38

Wu 2.9196 3.0248 3.1637 3.2592 2.8830 —32

Table 3. Eigenvalue wso. Exact value E3¢ = 4.2002;
Azo = (w30(210) — E30)/E30-
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ing Fig.1 and 2 the course of the eigenvalues
w10(w1) and w3 (w;) as functions of the parameter
w1 can be seen for the various equations.

1 1 | ) |
a7 08 % 0 ) 2 13

w, -

Fig. 1. Eigenvalue w10 (w) as function of the parameter w;
for the various equations Wy... Wg.

45 w;

1 =L 1 1 Il

07 08 09 10 u 12 13

Fig. 2. Eigenvalue ws(w1) as function of the parameter w;
for the various equations Wy ... Wg.
Summarizing the results of our calculations we
state:
1. In the investigated g-case the Hermite repre-
sentation leads to completely unacceptable values
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especially as far as the higher eigenvalues are con-
cerned. This is not surprising as the smeared out
functional Eq. (2.6) is not Hermitean (in the sense
of functional analysis) in contrast to the p—gq
casel4. But only for a Hermitean equation we can
hope to improve the eigenvalues, as then this
quality is preserved in the symmetric Hermite repre-
sentation but not in the Dyson one.

2. The Dyson representation, however, results in
very good eigenvalues. Here the unsymmetrized Eq.
W, and the symmetrized Eq. W yield nearly the
same good values, whereas the other unsymmetrized
Eq. Wy results in somewhat worse ones. (In non-
linear spinor theory it is supposed, that this type
of equation cannot be used in the N = 3 approxima-
tion!) It turns out that the appropriately chosen
linear combination W3 of the unsymmetrized equa-
tions leads to excellent results in simplest approx-
imation without much calculational effort.

3. We have to apply various equations instead
of only one in order to be able to identify the ob-
tained zero points with physical eigenvalues as long
as we are only considering low N.T.D. approxima-
tions. Additional group theoretic arguments can not
be used. On the other hand it is practically im-
possible to calculate a set of eigenvalues wy from
higher N.T.D. approximations in order to reject the
accidental unphysical zero points.
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Appendix 1

Here we shall take a glance at the used approx-
imated two point function f(p) and Green’s function
g(p) as given by (6.1) and (6.2). They are both
functions of the kind

f(psex) =:[p2 —ci+iel! cx >0, real
=[p—ck+iel [p+ex—iell (1.1)

just as the exact functions f‘(p) and G (p). These
functions can only be integrated in Feynman’s sense
i.e. the integration is carried out at first with finite ¢
(or ¢') and only after calculation the limes ¢ — 0
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is made. But this means that we are dealing with
distributions. In the language of well known distri-
butions (I.1) can be written as

o [04(p — ek) + 0-(p + cx)]

f(p;ck) = (L.2)

where 0+ and - are the positive and negative
frequency part of Dirac’s d(p) function23. But
Feynman’s prescription makes also sense for pro-
ducts of functions of type (I.1) if handled with
caution and thus defines a product theory of distri-
butions of type (I.2). For example the convolution
of two functions f(p, ¢1) and f(p, c2) does not lead
out of the space & of functions of type (I.1). We

ND(w; n) and partial decomposition leads to

o1 (31

W. SCHULER

have

v [ 10— & e f(Es et (L3)
= LC;SI_E(;Z f(l’ c1+ 62)

and especially

sy [otp—or@as 14

_(a+w1

2a w;

[p? — (@ + 01)® +ie]t.

Now we shall specify the eigenvalue equations in
detail. We begin with eq. W(w; w1) = 0 accord-
ing (6.7). Then the evaluation of formula (6.9) for

D) a2 g o4

N(U(w;n):-2-y(77) n_w—01+77—(04671_77_w‘f‘7701 17;707—}—61—)r n—c  n+tec (1.5)
with the definitions (by a bar the permutation w; — a is indicated)
ca=:y+a—zie, CL=:y+ w1 —1¢, c=:w1+a—1¢,
s 1 ~ A~
w=:_—fy+o), a=: y"’*c;l*g()’-Fw) ag=: sy —o0)+ylo—a], (g
1 - 1 o ~
ocgz:y_af(y—w), agz:fyf_—wflg(y—w), g =:_— (o 4+ w1) + y (0 + a)],
P(p)=:[p? — 2 +iel L.
Then we get after some algebra
Wi o) = 225 (@ — o) + 5% + 20D 5 )2 — (@ 4 211
w; w1 *(a_i_wl) w 7,2 a-y Y w Y
(01 +7) (a+w1)
+ Gt gt = 107 = o1+ (L.7)
i" 9 [ a1 o2 %2 l 9
+ 4 V(o+a) | (w1 — o) (0 + 01+ 2a) t5Fo—s T iTE T e + (@ + w1+ 20a)ag
1 oy o2 o2
—{—(wl—w)u] dor (w—l—wl)[(a—w)( —}—a—|—2w1)[ J/—v-a—w1+y+2a51' y+airZ)T}
1 1 +
+(w+a+2wl)a3+(a—wm]+g[2g<w—y)—§—f(w—y)][ P o

2] a2

+2y+a—-w+2y+w1

o] Fa ) +al—y)|+ayo+y+a|200 +a) -y I +a)

+oary(o+y+ o) [29(7/ + tox) = ‘;’f(?-l- wl)] =0.

Analogously we proceed with the equations
Wi(w; w1) =0, Wa(w;w1)=0

and Wg(w; w1) = 0 given by (10.21), (10.22) and
(8.21). We then get equations of the same structure.

23 'W. GUTTINGER, Fortschr. Physik 14, 483 [1966].

Appendix II

In this appendix the singular integral equations
shall be discussed. With the definition

Fo(n) =:xm;9—m)
they have the structure
Vo) = [ Mg —n; 8 (@)

g being an implicit parameter.

(IL.1)

. Se() (IL2)
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The special kernels are given by

2y K(E—(g—m),qg—mn) (I13a)
_2ya@ Kua(E —(g—mn).q—n) I1.3b)
3y16) Ku (¢ — (g —m).q —n) (IL.3c)
(I1.34)

M(qg—mn;é)

6 Ku(q —n,& — (g —n))

and the inhomogenous parts by (5.19), (8.9), (10.9)
and (10.10). Remembering the definition of the dif-
ferent functions y(p) and K (p1, p2) we can see

that the kernels (I1.3) are mainly built up by ﬁ(p)

and G (p) functions i.e. by distributions of the kind
(I.1) and (1.2) respectively. This is a general feature
of dynamical calculations in quantum field theory
as all characteristic functions such as propagators,
commutators, Green’s functions etc. have this struc-
ture24. Thus we are consequently led to integral
equations with Feynman kernels. Using the approx-

imation functions f(p) and g(p) for F and G the
kernels (II.3) become in the notation of (I.1)

M(qg—n;é) (IL.4a)
=2f1&a+w)f&y)[flg—n—&; 1) f(g—7n;a)
+flg—n—§&a)f(g —n; w1)]

&b+ o) f (& yr)[flg—n—& w1)f(@—n:b)
+fg—n—&b)f(g—mn;w1)], (IL4Db)

3f & atw)fEy)flg—n—&sa)f(g—n; w1),
(IT.4c)

6f(g—n—E& w1)flg—7n;a) (I1.4d)

with the constants y, yu, 1 given by (6.5), (8.17)
and (10.20). Because of this the integral Eqgs. (IL.1)
have only to be considered in the distribution sense;
all terms of an iterative series are declared, as the
convolution of the functions f(p; cx) exists accord-
ing to (I.3) and gives functions of the same struc-
ture. Thus any iterative solution does not lead out
of the linear space & of these distributions of kind

24 E. PFAFFELHUBER, Thesis, University of Munich 1967.

25 a) W. ScEULER and H. STUuMPF, preprint, University of
Tibingen 1968. — b) N.I. MuskELISHVILI, Singular
Integral Equations, Noordhoff, Gronningen 1967. —
¢) W. PogorzeLsKI, Integral Equations and their Ap-
plications, Pergamon Press, New York 1966.
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(I.1). This means, that the Neumann series
R(g—n;8) =2 Mr(g—n; &) (IL5)
n=1
with
Mnr(g—n; €)= [Mr1(qg—n;2) Mg —z;§)de
Mi(g—mn;&)=:M(q—mn;8)

lies also in 2. However, the main problem is to
show the convergence in distribution sense and to
fix the q spectrum, for a suitably chosen test func-
tion space.

Unfortunately, no systematic treatment of inte-
gral equations of this kind has been given although
they are already known in quantum field theory
for a long time. Even in the simplest case of a
relativistic two particle equation like the Bethe-
Salpether equation252 only tricks have been ap-
plied to handle the problem; and these tricks con-
tain dangerous assumptions not really justified.
Even the well known Wick rotation252 has not
been proved rigorously.

The reason for this lack of rigour lies in the fact,
that the Feynman kernels are distributions of kind
(I.1) and do not belong to a class of L? functions
i.e. the well known Hilbert space methods are not
applicable25¢. The integral equations defined with
them may rather be called ‘“‘super-Cauchy’ equa-
tions due to the character of their singularities. And
although integral equations of the simpler Cauchy
type have been investigated intensively25P:¢ noth-
ing is known about these ‘‘super-Cauchy’’ equations.
In a paper of SCHULER and STUMPF 252 the simplest
case of the integral equations (1.2) has been treated
with the kernel (I1.3d) for ¢=0, but a complete
theory is still open. It may be hoped that these
Feynman integral equations can be mastered with
the method of distribution theory 23,24 and the con-
cept of rigged Hilbert spaces?26.

26 T. M. GELFAND and N.J. WILENKIN, Verallgemeinerte
Funktionen IV, Deutscher Verlag der Wissenschaften,
Berlin 1964.



